naBa 7 5
FTrEOMETPUYECKAA TEOPUA ABEPPALIMA

7.1. YpaBHeHnue jiyya. BosiHoBasi u monepeyHas abeppauuu
O6patumcs k puc.7.1, Ha KOTOPOM TTOKa3aHbl BXOJHOW U BBIXOJHOM
3pauKkd, a TaKXe IUIOCKOCTh MpeIMeTa X, Y W IUJIOCKOCTh M300pa)KeHUS

!/ !
xX,y.

S

(PeanpHbIi |
BOJIHOBOM

¢poHT)

0 (UpeanbHas
chepa)

g
|
|

/

Vv

Bxoagnon
3padok

BrixoaHoit
3pavyoK

Puc.7.1. K BbiBOAY ypaBHEHUA naeanbHOM BOSTHOBOW NOBEPXHOCTU

[ToctpouM cdepy ¢ HEHTpoM B TO4dke P', KOTOpas SBISCTCS
rayccoBbIM H300pakeHHMeM TO4YkM P B 1uiockoctu mpeamera. Cdepa
paaryca R TiepecekaeT ONTHYECKYI0 OCh B IIEHTPE BBIXOJAHOTO 3padka.
Ecmm Opl onTwyeckwii myTh OBUI OJWHAKOB IS KaXIOTro JIyda,
BBIXO/IAIIETO U3 TOYKH P U MPOXOJAIIETO CKBO3h ONTHYSCKYIO CUCTEMY U
e€ BBIXOJHOM 3payok, To cepa paauyca R coBmana Obl ¢ MOBEPXHOCTHIO
NOCTOSIHHOTO ONTHUYECKOrO0 MNYyTH (paBHOrO »HHKOHAla) W BCE JIy4H
cobupanuchk Obl B Touke P'. OnHako, B 00IIEM cliydae 3Ta IOBEPXHOCTh HE
aBisieTcs: cepord U PYHKIMIO, XapaKTEPHU3YIOIIYyI0 OTKIOHEHHE (DOPMBI
ATOU MOBEPXHOCTHU OT cPephl, OyJeM Ha3bIBaTh BOJHOBOM abepparueit
W(m', M',1"). Onpenennm ypaBHeHHe NPSAMOM JTHHHUH, TIPOXOSIIEH depes
TOYKH Q(m', M', t') 51 Q'(x', V', z') C JIONOJIHUTEIBHBIM YCIIOBUEM, YTOOBI
3Ta JIMHUS OblTa epHeHIUKyIsIpHa K S’ B Touke (. YpaBHEHUE PeabHOM
BOJTHOBO# MOBEPXHOCTH S’ MOYKHO 3aIMCaTh B BHJIC

m*+M"?*+1* =(R+WY.
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DTO ypaBHEHHE NPHUBOJIUTCS K YPAaBHCHHIO HIACATBHOW cQepbl mpH

W =0. [lockonbKy Hac UHTEpECYIOT AedopMalui BOJIHOBOTO (PpOHTA, HE
w2

MPEBBIIAIONINE €IUHUIl JJIMHBI BOJIHBI CBETA, BEJIMYMHOU o7 MOKHO
npeHedpeus. [Ipu 3TOM nomyyaem

m?*+M"? +1*-2RW —-R* =0. (7.1)

Hampasnsronrie KOCHHYChl €TUHUIHOTO BEKTOpa

n=icosa+ jcosB+kcosy,
HOPMAJIbHOTO K IOBEPXHOCTH S’ M ONPEICIISIONIEro HAlpaBICHHE JTHHHH
QQ', Haiiiém U3 CIEAYIOUINX COOOpaKEHHUI.

OTHollrenne % Ha3bIBACTCS IPOU3BOIHON CKaIsIpHON QYHKIIMK f B
TO4YKe M TI0 HAINPaBJICHUIO dr, IPU ATOM

gradf dr =df .

OTtcrona

df dr

x|~ |ar
T.€. TPOM3BOJHAS paBHA MPOEKIMW TpaJuMeHTa Ha HampapieHue dr. B

paccMaTpuBaeMoM citydae, ucnodib3ys (7.1), momyuaem
as' a’S’ dm i

——gradf =ngradf' = ‘ gradf ‘ cos(n, gradf”),

—gradS' =igradS' =|gradS'|cosa.

dm'
Orcrona
1 as 2 ( , ﬁWj

coso = = m—-R—|.

‘gmdS" dm’ ‘ om'
C npyrou CTOpOHBI, U3 PUCYHKA CIIEIYET, UTO

x—m'
cosa = —

Q0
Takum obpazom
ow
cosa, =2 8’,"’ = x;n,a
Q0

AHaJIOTUYHO TIOJTydaeM

M’ - R 6W’ r_ M!
cosP = 8],\/[ =X = ;

igrad S Q'
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t! Z!_t_l
SY = = —
‘ gradS (9]0,
[TomyueHHbIE paBEHCTBA TMO3BOJLIIOT OMNPEICIUTh YpaBHEHHE Jyda,
BBIXOJIAIIET0 M3 TOYKH () BBIXOJHOTO 3padka I0 HOpMaidu K (POHTY

CO

BOJIHBI M IIEPECEKAIOIIEr0 IJIOCKOCTh N300pakeHus B Touke ', B BUIE

x’_ml y!_M’ Zl_t_l
= = (7.2)
O LU VI LU
om'’ oM’

[TockoabKy B OOJBIIMHCTBE MPAKTHUYECKUX TNPUMCHEHHH ! ~—R,
ypaBHeHUE (7.2) MOXKHO NIEPENUcaTh B TAKOM BUJIE:

x!_ml B y!_MI __il_l
m,_RGW M’—RaW R
om' oM’

Ortcrona cnenyer, 4To
x'z_mz +R8W(l+i),
R R

a !
" (7.3)
, M7z ow z'
V' =- +R (1 —j
R oM’

B rayccoBoii MI0OCKOCTH H300pa)keHUS (z’:O) BoeIpakeHus (7.3)
MPUHUMAIOT BUJL;
o R ow ., oW
Xy~ - Vo ® -
om oM
Urtak, ™Mbl paccMoTpenu oOmUM  cliydyald  TeOMETPUYECKOro
HU300paKCHUSI BHEOCEBOM TOYKH, IIPU STOM BEIIMYUHBI X U )’ ONPEAEIIAIOT

(7.4)

OTKJIOHEHUS TOYKH TMIEPECEUCHHUs peajbHOro Jy4ya C TayCcCOBOH
IUIOCKOCTBIO H300paxkeHus (Touka (') OT rayccoBa H300pakeHHUs

IpeIMETHOM TOUku P, T.e. OT Touku P'.

/

z .
B oOmem cinyyae E<< 1. Ilpp 3TOM TPOAOJIBHBIA CIBHUT

n300pakeHusl (BEIUYMHY z' ) MOXHO OIpPEIeNIuTh M3 BhIpakeHus (7.3),
10J10HB Ipu 3ToM x' =0 wim y' =0:

, R*ow , R*OW
Zx ~ ' I; Zy ® ' r-
m om' T M'oM
B cnydae kpyroBoil cummeTpuu (GyHKIMH BOJHOBOW abeppainuu

AOJIDKHO BBIIIOJHATHCA OYCBUAHOC PABCHCTBO

[ B
Zy =Zy, = 2.
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[Mpu ['=const PyHKIHIO BOJHOBOM abeppaluu yaoOHO 3amucaTh B
Buzie W =W (m', M'). TIpu 510M
ow , , ow
dm' +

! aM!

dw = aMm’.

om
OTtcrona

W:J- ow

aW,dm' + _[
om 0

dM’ . (7.5)

!

B npuBbIYHBIX 0003HAYEHUSAX
x,=0g', y,=0G".
[ToncraBuB ¢ yuétom storo (7.4) B (7.5), momydaem

1
W =—\|dg'dm'+ | 8G'dM"). 7.6
o [3gtam' + [ocran) (7.6)
B nossipHOM cuctemMe KOOpJaAUHAT UMEEM
m'=a'pcoso; (7.7)
M'=ad'psing,

2 2 '
+ M M

Oph  3TOM pzquT; 0<p<l; ¢=arctg—, a' —paauyc
a m

BBIXOJIHOTO 3payka. B 3ToM ciyudae jyisi BBIOpaHHOW TOYKHM MpeaMera
W = W(p, (p). [Tpu sToM

6W:8W op +6W op
om'  op om' O¢ om'’
ow =8W op +8W op
oM' oOp oM' oO¢ oM’
U3 pasencta m'> + M'* = a'*p? cnenyer
a’*pdp =m'dm' + MdM' . (7.9)

!

Huddepenunpys paBeHCTBO g = —, MOIy4aeM
m

do :mdM —,2Mdm . (7.10)

(7.8)

cos” @ m
IToncraBum (7.9) u (7.10) B (7.8):
ow _ow m' _GWM'cosch.
12 ?

om'  Op a’p 00 m
ow _ow M’ +8Wcosch
oM’ op a?p o m
[ToncraBus (7.7) B (7.11), nonydaem

(7.11)
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oW _ oW a'pcose oW a'psin @cos” @ _OW cosp OW sing
om' Op d*p 09 a'’p’cos’e oOp a4  o¢ dp’
oW _ OW a'psing N oW cos® @ _OWsing N OW coso

oM’ op d'?p op apcosp Op d  O¢ ap

Hrak,
dg' ~ E’tcoscp GaW e (ZWJ;
a
PP (7.12)
0G' ~ R sin(paW 4 S0P ow :
a' op p O

®opmyasl (7.4) u (7.12) ompenensioT B3aMMOCBS3b BOJHOBOM U
nornepevyHomn abepparui.

7.2. ®ynkuus BOJTHOBOM abeppauuun. [leppuunbie adeppanuu

Hns abeppalluOHHON dbyHKIIUU BO3MOKHBI pa3JInuHbIC
npencraBieHus. [Ipy oceCMMMETPUYHOM ONTHUYECKOM CHCTEME, €CIU
WCIIOJIB30BaTh JIJI1 TOYEK BBIXOJHOTO 3payKa IMOJSPHBIE KOOPAUHATHL P U
®, BEIMYHHA ¥/ 3aBHCUT TOIBKO OT TPEX HHBAPHAHTOB BpameHus: ['*, p°

u ['/pcos@. B obiem ciaydae MOYKHO Hamucarh

W(p, 0, l') =ay+ bol'2 +b1p2 +byI'pcoso+ 001'4 + clp4 +

+ 0" p? cos” @+ cyl"p” + ¢ 0 pcosp+cil'p’ cos g+ (7.13)
+dy0"° +dp° +K ,
12 12
M :
rne  m' =d'pcoso, p=1/%; 0<p<l; M'=dpsing,
a
¢ = arctg—, a' — pajaryc BBIXOIHOTO 3payka.

!
m
@OyHKIMS BOJHOBOW aleppaliii B COOTBETCTBUU C BBIPAKEHUSMU
(7.12) onpenenser MOMEPEUHYIO abeppaIrio

&' =+/8g"* +8G",

PAaBHYIO0 OTKJIOHEHHMIO TOYKH IEPECEUeHMs PEalbHOrO JIyda C rayccoBOH
TITOCKOCTBIO H3006pakeHns B 06meM coydae oT BHeoceBoi Touku P'(0, 0)

B Toif ke mmockoctw. Ecmm W(p, ¢,l')=W(p,I') mpm %—W=O, TO

CEMEMCTBO JIydel, AJI1 KOTOpPBIX p =const=p,, OyleT nepecekaTbcs ¢
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rayccoBOM IUIOCKOCTBIO HM300payKeHHST B KOJNbIle paauyca 07,
OTIPEIEISIEMOM BBIPAKEHUEM
81 = +/8git +8G}? =5,8—W . (7.14)
a op|_
p=p1

[IpononsHeIl pazdpoc (BAOIL OCH) JUIsl 3TOrO0 YacTHOTO Ciydas
MOXHO OIpPEJEIUTh B MOJSPHBIX KoopAuHaTax 1o ¢opmyiie (7.3), monaras
BHEH x' =)' =0.

Ucnonb3yss  dopmyny (7.11), M™MOXHO TmoOKa3zaTh, YTO  JUJIA
paccMaTpuBaeMOro Kojblla B BBIXOJHOM 3padke, T.e. IpU P =p,,
IPOJIOJIBHBIN pa3zOpoc paBeH
, _R*ow
~ T~ 9

a”p op ..,
a obumi »pdexT MOXKHO ONpeAeNuTb IMyTEM  COMOCTAaBJICHUS
COCTaBIAIOIIMX OT Kaxkaoro koisua npu 0 <p, <1. Ilpoeném noapodbHoe

(7.15)

z

HCCIIeIOBAHME KaXK0TO YjieHa cTerneHHoro psaa (7.13).
1. ITocmosinnvle unemvl (ao, col'*, dyl'°,K ). Kak cnenyer m3 (7.12),

BEJIMYMHA TOCTOSIHHBIX uieHOB psga (7.13) He BiauseT Ha BEIUYHUHY
abeppauuii ¥, IO CyTH Jejia, ONpe/ieNsieT U3MEHEHHE BEJIMYMHBI pajnyca
uneanbHoil cdepnl (chepbl cpaBHEHHsA) 0€3 HW3MEHEHHUs MOJIOKEHUs e
1eHTpa (cM. puc.7.2a).

2. lloepewnocms poxycuposku uzoopasxicenus
a) IIpooonvHas pacghoxycuposxa uzoopaiceHus

Ecim Bce abeppanuu, KpoMe TPOJOJBHOW PpacPOKyCHUPOBKH,
OTCYTCTBYIOT, TO BbIpaxkenue (7.13) mpuHuMaeT B

W =bp*.
I1pu sToMm cornacho (7.14) u (7.15) nonydaem
2b,R 2bR*

' 12
a

Q

ory = p, 0<p, <1, 2 =A', T.e. Bce my4n coOuparoTcs B
2b,R*

12
a

touke | 0,0, . CnepgoBaTtenbHO, 3TO He abeppais, a MOrpPerrHOCTh
IPOIOJIBHON (POKYCHPOBKHM H300paXKEHUs, KOTOPYIO MOKHO YCTPaHHUTh
IPOJOJBHBIM CMEIIEHHEM IUIOCKOCTH PETHCTPAllMM H300paXKeHUs W3
Toukn P' Ha BenmuuHy A', Kak 1moka3aHo Ha puc.7.26. W3 momydeHHBIX
BBIP@KCHHI CIIEAYET COOTHOIICHHUE
A" 2bR o1y
R a* 4’
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OYCBHUIHOC U N3 I'COMCTPHYCCKUX C006pa)KeHHﬁ. OTCIOI[a ciaenyer
12 A1 '
a’N a ,

= = o7, .
2R? 2R °

1

Puc.7.2. CmelleHne n3obpaxeHnsa TOUKn

0) Ilonepeunas noepewinocms HOKYCUpOBKU U300PAHCEHUS
B stom cityuae Beipaxkenue (7.13) umeer Bua
!

W =b,l'pcosp =b,l 'ﬁ,. [Ipu sToM U3 BeIpakenui (7.4) ciemyer
a

59’ = byl 5G' =0,
a
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b,I'R

a'

T.C. BCC JIyUH CO6I/IpaIOTC}I B TOYKC ( 0 0) CJ'IGI[OB&TGJ'IBHO, Hn 9Ta

MOTPENTHOCTh (DOKYCHPOBKH H300pakKeHUS HE SBIACTCS adeppanuei, a
OTpENENseTCs TMOMEPEUYHBIM CIBUTOM HW300pPAKEHHS Ha BEIUYHHY

!
’

or' =b,l’ R’ KaK 1okaszaHo Ha puc.7.2B. Otciona b,/ —%Sr .
3. Hepeulmbze abeppayuu (abeppayuu 3etioens)
Crnenyromue nsaTe WieHOB creneHHoro psna (7.13) mpencraBisitoT

coOoli mepBUYHBIC abeppalvd WM, WHaye, KJIacCHYecKkue abeppaiuu

3eitnens TpeTrbero mopsiaka. Tpetuil mopsimok adeppaluii ompenensiercs

CYMMAapHBIM IOKa3aTejeM CTEHeHH /' U P YICHOB Psjia, ONPEICIISTIONIErO

MONEpPEYHy10 adeppalrio ONTUYECKOU CUCTEMBI.

a) Coepuueckasn abeppayus
Ora abeppauus onpenensercs KodpduuueHtom C; BbIpaKEHUSA

(7.13), T.e.

W, =cp'.
[Tpu sToMm cormmachHo (7.14) u (7.15) nonydaem
4R ?
81"(;2 ' Clp3; As' = 41? Clp ’
a

T.€. KaXJOMy KOJIbIly IIPH P =P, COOTBETCTBYET KOJIBLO B I'ayCCOBOU
MJI0CKOCTU u300paxkeHusi. llpu p=1 »5TU BeIUYMHBI NPUOOPETAIOT

MAaKCHUMAJIbHOC 3HAYCHHUC, PABHOC

. 4R . 4R?
Thn=—-2.¢., As =——c¢,.
0 S 2 €
a a
Otcrona cienyet
12

¢ = R a—ZAS'
4R 4R
Hanmomuum, uto

12

b, =——A', npustom W, =b,p>.

2R2
Otcroga creayeT BO3MOXXHOCTh YMEHbIIEHUS 3P @deKra BIUSHUSL
chepuueckoil abeppanuu MyTéM BBEJCHUS MPOAOJIBbHON pachOKYCHUPOBKHU
nuzoopaxenus. [Ipu srom
4 2 4 b 4 2
AWy =W, =W, =cp* ~bp? = p* =p? | = c,fp* ~2mp?),

IHO
G
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Af
As'

rae =
0) Koma
ITycth B oTimune ot apyrux koaguuuent cs = 0. [Ipu atom
W =cil'p’ coso.
[ToxcraBmsis 3TO BeIpaskeHue B cooTHoIIeHue (7.12), momydaem

) !
sIn” @ csl'p3] _ %pz(?wos2 ¢+ sin” (P)=

og' = 5,[3051'p2 cos® @+
a

Rl'cs
a'

p*(2+cos2¢);

R : L.
0G' = —'(3csl'p2 SIN (P COS (P — —SIN P COS @051'93] =
a p

RI' . . Rl .
= ,CS p? (3 SIN (P COS @ — Sin P COS (p) =— c5p2 sin 2.
a

OTHU BBIpAKEHUS MOKHO TEPENNUCaTh B BUJE
8g' = yp*(2+cos2¢); (7.16)
8G' = yp’sin2¢, (7.17)

Rl

Tae Y = —-Cs.
a

Bripaxxenue (7.16) y1o0HO npeacTaBUTh B BUJIE:

(Sg' —2yp? ) = yp? cos20.
Bo3ssens Beipakenus (7.17) u (7.18) B kBaApar U CI0KUB, NPUXOIUM
K YPAaBHEHUIO BU/IA:

(bg'~29p?)" +(86")” = y?p*, (7.19)
N3 KOTOPOIo CJICAYCT, YTO KAXKIAO0C KOJILIO BBIXOJHOI'O 3padKa (p = COI’lSt)
co31a€T KPY)KOK B TayCCOBOM IIJIOCKOCTH M300paK€HUsS, PanyC KOTOPOTO
YBCIIMYUBACTCS IIPHU BO3PACTAHHUHN P, IIPH 3TOM HCHTP KPYrKKa PACIIOJIOKCH
HAa OCH X' M CMEIAeTCS TIPH BO3PACTAHUM P HA BEITHUHHY 2yp°.

Kpome Toro, BcienctBue yJaBOCHHS yria 2¢ B apryMEHTE OJIHOMY

MMOBOPOTY JIyda IO KOJbIY B BBIXOAHOM 3padyKe COOTBETCTBYIOT JBa
MOBOPOTa B IJIOCKOCTH H300pakeHus. B pesynbrare neicTBHUSI BCEX 30H
(O <p< 1) oOpaszyeTcsi KapTUHA, HAIOMHUHAIOIIAs KOMETY, KaK MOKa3aHo Ha

puc.7.3.
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0 A0g

) oG’

Puc.7.3. Bug abeppaumoHHOro nsatHa B U306pakeHun TOYKU Npu NEPBUYHON KOMe

B) Acmuemamusm u KpUSU3HaA NOBEPXHOCMU U300PAHCEHUS
[Ipu Hanuuuu TOIBKO ATUX adeppaiuii Beipakenue (7.13) umeer BULL:
W =c,I"*p* cos” @+ c3l'p”. (7.20)

Ipu @ = 0 (B MepuaHOHANBHOM mIocKocTH): W, = (c, +c; ) p’.
T .
[pu ¢ = 5 (B carmTTanbHOM 1mIockocTH): W, = c,l"*p”.

Takum 00pazoM, B MEpUINOHATBHON U CarUTTAIBLHOMN MIIOCKOCTAX 3Ta

abepparisa UMeeT BHJ MPOAOJbHON pachokycupoBku. B olmiem cioydae
w.+W,.

PasenctBo (7.20) ynoO6HO nepenucath B BUJIE
12
W= 1’2[(02 +¢;)p’ cos” @+ cyp” sin’ (p]z 27[(02 +ey)m'” + c3M’2].

N3 coorHomienwuii (7.2) cnenyer

om

IIpu 3TOM TTOTYy"aeM
Z 2RI Zz 2RI
X'=l-—+"—c, +tc) |, y=|-"+"——0, M.
{ R 472 (2 3)} y { R 42 3}

BOSBGI[SI 9THU PAaBCHCTBA B KBaApaT U CJI0KUB, I10JIydacM
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12 12

X '
' ZRIIZ 2 M ' )2;er2 2612[32,
R a' R a'

OTKyJa CJIEAYET, UTO KaXKJ10€ KOJIBIIO BBIXOJHOT'O 3pavyka M300pa’kaeTcs B
BHUJIE DJUIMIICA B INIOCKOCTH z' (IMJIOCKOCTH M300paXkeH s ). MakcuMallbHbIe
pasMepsl dIrIca nojydaeM npu p = 1. Ilpu atom

er yrZ
2 ph
2R2112 a' ’ 2R21r2 a'
Iac A= Z’_T(CZ +C3) E, B=|z _703 E
a a
Jlerko BUIETH, 4TO NIpH ¢, = 0 IUIUIIC TIpeBpaIAETCs B OKPY>KHOCTb.
2R2112
Beeném obo3nauenne ——— =G . llpu stom
a

m' M’
xX'=-A—; y'=—-B—,

R R

!

rae A=|z'-o(c, +c3)]%; B= [z'—Gc3]%.

M’

I[Ipu A=0: x'=0; y’=—B?, T.e. Jy4d (GOKYCHUPYIOTCS B
MEPUAMOHAIIBHOW  IUIOCKOCTH, TMpPU  3TOM  H300paXeHHE  TOYKHU
NpeBpamacrcss B JUHUIO. [[OBEpXHOCTh, Ha KOTOPOW 3TO MHPOUCXOJMT,
ONHUCHIBAETCS] YPABHEHUEM

,_
z, = cs(c2 +c3).
AHaIOTMYHO TOJIy4aeM, 4TO Jy4dd (POKYCHPYIOTCS B CArMTTaJIbHOU

/

TUTOCKOCTH (X' = —A%; y' =0 npu B =0) Ha TOBEPXHOCTH

Zi =0cy.

Ob11iee pacxoXkIeHUE MEXKIY dTUMH TOBEPXHOCTSIMHU PABHO

Z, —z, =0C,.

Takum  oOpazom, KO3(Q(UIMEHT ¢, MpeacTaBIsgeT  CcoOOU
KOd(PGUIIMEHT acTUrMaTU3Ma.

Ecmu ¢, =0, 10 A=B,a z; =z..

[Ipu >TOM JTyun COOMPAKOTCS B TOUKE HAa PACCTOSHUM Z, = Z =z, OT

IJI0CKOCTH M300paxkeHus ["aycca, npuuém

275



2
z,, :2%031'2 =",
a
OTO ypaBHEHHE OIpEAesieT OTKIOHEHHE IMOBEPXHOCTH TOYEHUHOTO
U300paKEeHUs] OT TIJIOCKOCTH, a IMOATOMY UM Ha3bIBACTCS KPUBU3HOU
MOBEPXHOCTU U300pAKEHUS WU KPUBU3HOM TOJI N300paKEHUS.

B oOmem ciaywae ¢, u c¢; He paBHbl Hymo. [Ipm 3Tom mmeercs
TIOBEPXHOCTh Zz., Ha KOTOpOW H300pakeHHE TOYKH IPEBpAIIacTCs B

Kkpyxok. [Tonoxus 4° = B*, maxomum z' = z.:

, ©
z :5(02 +2¢;)

c

WU
-
‘ 2

T.€. TOBEPXHOCTh, Ha KOTOPOH T€OMETPUYECKOE H300pakKeHUE TOUYKU
MMEET BHUJ TaK Ha3bIBAEMOTO "Kpy»KKa HAMMEHBILIETO PACCESHUS', JIEKUT
IIOCPEAUHE MEXIY IOBEPXHOCTSIMU MEPUIMOHAIBHOIO U CAaruTTAIBHOTO
n3o0paxxeHusi. Bce BO3MOXKHBIE COCTOSIHUS HM300pa)KEHUsI OMHUCHIBAIOTCS

z

9

COOTHOILIEHUSAMU
2 2 2
X . yr ~ a' 5
-=f @-zF &
z' -z z'—2z!
z, z;,—z, 2R
roe ¢;=—; ¢, = ; o= — .
o 12
x' x' x' x' x'

™

I
y' y' \/ y’ \/ y’ y'

F ,=3Z;+Z; Z,zzt'+Z; Z,:Z;+3Z; r
4 2 4
(B=34) (4=-B) (4=3B)

Punc.7.4. lameHeHue naTHa paccesdHust B U306pakeHnm TOUKN Npu CMELLLeHUN
NI0OCKOCTU YCTaHOBKN N306paxeHns

r) {lucmopcus
B aTom cinyyae nmeem
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3
_ 3 _ [ ’
W =cy"pcose = ?c4m :
IIpu 3TOM
R 3
0g' =—c,l"”; 8G' =0.
a
Takum oOGpa3oM, UIsi TOUYKH TOJISA, YAUIEHHOW OT OCH Ha PAcCTOSHHE

R
[', Bce nyun (OKYyCHPYIOTCSI B TOUKE (—,cétl'3 , 0, Oj. Ho mpu stom
a

MOTIEPEUHbI CIBUT M300paKEHUS HM3MEHSIETCS MPOMOPLUUOHAIBLHO KyOy
JUHEMHOrO IOJSI M B 3aBUCHUMOCTM OT 3HaKa ¢, NPUBOAUT K XOPOIIO

m3BecTHOH Mmb0 "6oukoobpasHoil" (c, <0), mibo "momymkooGpasHOL"
(¢, >0) mucTopcun M306paKeHNs TIPeIMETa, €ClU TOCIETHII UMEET BUL
CETKHU C KBAJIPATHBIMU STYEUKAMU, KAK MIOKA3aHO HA puUC./.S.

c, =0 c, <0 c, >0

Puc.7.5. uctopcus nsobpaxxeHus

7.3. lonycTUMBbIE BeJIUYMHBI IEPBUYHBIX a0eppanuid
[TockonabKky OOBIYHO MHTEpPECYEeT U300pakeHne (PUKCUPOBAHHON
TOYKHU TpeaMeTa (l' :const), yA00HO HE BBIACNATH SIBHYIO 3aBHCHUMOCTD

W ot I' u npeacTaBuTh pas3IoKEHUE BOJHOBOH abeppaluy B CTEIICHHOM
psin BUA
W (p, ) =22 W;p' cos' ¢ =Wy + Wyp” + W, pcosp+
i
4 3 2 2 6
+Wyop” + Wy p" cos@+W,,p~ cos” o+ W,p~ + (7.21)

+ W51p5 cosQ+ W42p4 cos” ¢+ W33p3 cos’ o+K,

rae W, —ko3pduimeHT BOJHOBON aleppalid, paBHBIA BOJHOBOM

g
abeppanuu Ha Kparo 3pauka npu p=1,¢=0; i > j, i+ j —4€THOE YHCIIO;
p =i+ j—1 —Tak Ha3zpiBaeMbIll NoOpsAOK abeppauuu; W, — NOCTOSHHAs

COCTaBIISIFOIIAs BOJHOBOW aOeppaliiy, HE BIHAIONIAsS HAa KadyeCTBO
n300pakeHus (0OOBIYHO B PA3JIOKEHUE HE BKIIFOYACTCS).
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AOeppalii  TpeTbero TnopsAjaka (MEepBUYHbIE a0eppalud WU

abeppauuu 3eifienss) MNpeacTaBisiloT coboi  jaedopMaiuio BOJIHOBOTO
¢dbpoHTa B BUE

W =Wyp' cos’ o,
rne i+ j=4.

Jlns onpeneneHus JOMYCTUMBIX BEIWMYUH aOeppaluii TpPUMEHUM
KpUTEpUU Mapemans, OIpeIeNsAeMbIN CpPEIHEKBAAPATUYECKON

nedopmarueit (OTKIOHEHHEM OT c(epbl CpaBHEHHUS) BOJHOBOTO (pOHTA.
MonoxpomaTudeckas cpeHeKBaapaTudecKkas BOJHOBas abeppaliys paBHa

| 25 1 [2m 212
Wica=3—[[W*(p, cp)pdpdcp——{ [[w(p, @)pdpdcp} . (722)
T oo T loo

[ToncraBus (7.21) B (7.22), nonyyaem

Wit = Wiy LN Wi + Wi NUALETIN

néd 12 6 45 4 3 (7 23)
I W Wy

8 16 12
Hcnone3ys kpurepuit Mapemains u3 Gopmyiiel (6.105), momyyaem
2
Wia s 0’2(1) ’ (7.24)
2n
2
T.e. Wi, < < A

féa = u Wiss < —.
197.,4 14
[ToncraBuB Beipaxkenue (7.21) B paBenctna (7.12), noinyyaem
R 3
og' =—2W,,pcos@+ W, +4W,,p” cos @ +
g 4 [ 20P COS P+ Wy 40P ¢ (7.25)
+ W31p2(2 + cos 2(p)+ 2W,,pcos @+ 6W60p5 cos@+K ];
R : 3 .
0G' = —2W,,psin @+ 4W,,p” sin @ +
4 ( 20PSINQ 40P ¢ (7.26)
+Wy,p” sin2¢ + 6W,p sin (p).
Takum o0pa3zoMm, Beipaxkenuss (7.25) wu (7.26) onpenensitoT
B3aMMOCBSI3b  KOI(P(MUIIMEHTOB  pa3oKeHUsT  (PYHKIMM  BOJHOBOM
abeppaiuy B CTETICHHON PsiJl C TEOMETPUICCKUMH abepparusiMu.

B ocHOBy ompeneneHuss JOMYCTUMBIX BEJIUYMH  OCTATOYHBIX
abepparuii mookuM paBeHCTBO (7.23) u ycnoBue (7.24).
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Jonycmumasn eenuvuna OCmMamoyHou HPOOOJILHOU PAcPOKYCUPOSKU
U300padsiceHus:

[Tycth Bce kod(pdunrieHTs B BhipaxeHuu (7.23) paBHBI HYJIO, KPOME
kodpuumenra W,,. Ilpu stoM cornacHo ycnosuwo (7.24) momydaem

szo < x Orcrona umeem W. <& YTO COOTBETCTBYET M KPUTEPHIO
12 1974 0Ty Y pHEeD
Penes.

Pannyc kpyxka paccestHust cornacHo (7.25) u (7.26) paBen

8r' =/8g"? +8G"* = 25,W20p,
a

IPU 3TOM TPOI0JIbHAs pacokycrupoBka A’ oueBHIHO paBHA

2
R R
a a

S 1., .
Ho % =sino’. Tora A’ = 2.W%p. Orciona Wy,p = —A'sin’ o',
R sin” ¢’ 2
ITpu p =1: lA'sin20'<&
PEP=15 4
WIIN
N
2sin’ o’
ITycts sinc’ =0,1,a A = 0,6 mxm. Torna
-3
A< 20197 6 03
2-0,01

ﬂonycmumaﬂ GeIUYUHA NoNepetHocO0 CMeuerHuAl u306pa9fcele

Cornacho (7.25) umeem

1
,_
Sg - . rVVII'
sinc
BrnonHe o4eBHOHO, 4YTO CMEIIEHUE H300pakKeHUss B LEJIOM Ha
BeMIMYMHY Og' HE BIMSET Ha ero kadecTBo. OJHAKO, €CIM CMEIICHHUE

M300paKEHUS OIPEEsSeTCs] FJIEMEHTOM aJalTUBHON (CUHTE3UPOBAHHOM)

anepTypbl, TO B 3ToM ciaydae corinacHo (7.23) u (7.24) wumeem
Wi X M :

—— <——. Orcroga canenyer, uro W;; < —. Ilpu atom 8g’ <
4 1974 7

7sinc’
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Jonycmumas eéenuvuna ocmamouHou cpepureckou abeppayuu

2 1

. Orcroma W, < ZK.

4
ITycts Wy, # 0. Tpu sToM — W5 <
45 197,4
Ecim  (okycupoBka uU300pa)k€HUS BO3MOXKHA, TO JOILyCTHUMYIO
BEIUYMHY W,, €CTECTBEHHO OIPEAEIUTh U3 YCIOBHS MUHUMU3ALNU
BBIPAKCHUS
2
2 Why  WyW, 4 5
hed = o W (7.27)
12 6 45
B 3TOM BBIpakeHHWU MEPEeMEHHOW BEIMYMHONW MOXKET OBITh BETWYMHA
W,,. B3gB OT 3TOro BBIp@KEHHs NPOU3BOJIHYIO 10 W,, U IPHUPaBHAB €€
HYJIIO, MTOJIy4aeM
Wy, W,
20 | P40
6

[ToncraBus B (7.27), momydaem
1

=0. Orcroga W,, =-W,,.

1 4 1
Wi = EWfo —ngo +EW420 = @Wfo-
IIpu sToM
1, A A
—W,, < . Orcroga W,, <——=0,95A\.
180 7 197.4 71,05

b

Lonycmumas éenunuuna ocmamo4Hou KOMbl
ITycte W5, # 0. Ilpu sTOM

2 2
Wi < A . Orcrona W, Slk.
8 197,4 5

I'eomeTpuueckoe mITHO KOMBI corjiacHo (7.25) u (7.26) onpenensercs
ypaBHCHUEM

2 2

W .
(Sgr_z . 21’p2j +6G12: . ;1 'p4.
SINoC SIn" O

1
ITpu W5, = gk oJTy4aem

2 7»92 i 2 5 4
dg' — = +0G"  =———F—p".
(g SSinG'J 255in20'p

Opnaxko, kak cienyeT u3 BeipaxeHus (7.23), MOXKHO Mog00paTh TaKoe

3HAYEHUE KOOPAMHATHl BHYTPU TE€OMETPUUYECKOTO IATHA KOMBI, IIPHU
KOTOPOM CyMMa
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2 2
2 Wi Wi W5
Wi = + + .

4 3 8
MMEET MUHHUMAJIbHOE 3HadYeHue. U1t 3Toro, B3siB NMPOU3BOIAHYIO OT HTOM
CYMMBI 110 W, U IpUpaBHAB €€ HYJIIO, II0JIy4aeM

lW11 +%W31 =0. Orcroma W, = —§W31.

(7.28)

2

[ToncraBus B (7.28), npu cobmtoennu yciosus (7.24) nonydaem
2

inl < s . Orcrona Haxogum, uto Ws, < A = 0,6\

72 197,4 1,656

HpI/I 9TOM I'cOMCTPUICCKOC IIITHO KOMbBI OIIPECACIIUTCA YPABHCHHUCM

2 2
(8g'— 1,21 pzj rag = 03 4

sinc’ sin’ o’

Llonycmumas eenuyuna ocmamoyuHo2o acmuemMamusma
'eomeTpuyeckass Qopma mnsATHA B HU300pAKEHUUM TOYKH TIPU

OCTaTOYHOM acTUrmatusme corjacHo dopmynam (7.25) u (7.26)
OTIpEJIEIISIETCSl ypaBHEHUEM

12 12
% >+ 8G2 =4sin’ ¢/,
(W + W) W
[pH TOM Z,, = L 2W2.L2W,22; zy = R = 2—.W§0 .
a smn” o a Nlie)

2
Bennunna W;,., omnpenensemMas OCTaTOYHBIM — aCTUIMaTHU3MOM,
coryiacHo (7.23) paBHa

2 Wy Woln Wy
12 12 160
[Tonbopom BennunHbl W, MOKHO MUHUMHU3HUPOBATh BEIMUYUHY Wﬁzéd.
AHAJIOTUYHO IIPEABIAYIIEMY HAXOIUM
%+@= 0; W, =—1W22.
6 12 2

Ipu oM W5, = L
24
[Ipu cobmtonennu ycnoust (7.24) nonydaem

A
W, <= =035\.
227987

>

2
W22 .
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ABEPPALIMOHHBIE CBOUCTBA COEPUYECKON
NMOBEPXHOCTW (BMecTO 3aKkntoyeHuns)

K d4gumcny mpocTedmux 3JIeMEHTOB, OO0pa3yIIUX ONTHYECKYIO
CUCTEMY, OTHOCHUTCS, TIpeXae Bcero, cdepudyeckas TMOBEPXHOCTb,
pazienstomas Ccpenbl C Ppa3UYHbIMU  IIOKA3aTeIMU  IPETOMIICHUS.
N3ydenne  abeppalluOHHBIX  CBOMCTB  C(HEPUUECKON  MOBEPXHOCTH
ONPEAEsACT OCHOBY TPaMOTHOTO ITOCTPOCHHUSI HMCXOAHOM KOHCTPYKIIMHU
ONTUYECKOM CUCTEMBI JUJI MTOCIEAYIOIIEH ONTUMHU3ALNKU €€ TapaMeTpPOB.

So

A

Puc.1. NeuBaneBa kpuBM3Ha NOBEPXHOCTM M300OpaxxeHns, 06pa3oBaHHOIroO
cpepmnyeckon NOBEPXHOCTLIO

O6patumcst k puc.l, Ha KOTOpOM TIOKa3aHa cdepuueckas
IIOBEPXHOCTh, pa3JeIIAoNias Cpebl C MOKa3aTeIIMU IPEIOMIICHHUS 1 U 1.
[TonoxxeHue HWACATHHOTO H300paKEHUS Aé OCEBOM TOUKU A, Npeamera
onpenensercs: popmyroi AdGe:

n' 1.1 =n 1.1 : (1)

Y A
Brionne o4yeBHOHO, YTO IPU CMEIIEHUUM TOYKU A, B IIIOCKOCTH

pUCYHKa II0 OKpYKHOCTH, KOHLIEHTPUYHOM IeHTpy KpuBu3Hel C
cepruyeckoil TOBEPXHOCTH, B MOJOXKeHUEe A,, e u3oOpaxeHue A,

OyZeT pacIloyIoKEHO B TOUKE MEPECEYCHUs MpOoNoJDKeHHs JuHun A, ,C ¢
OKPY>KHOCTBIO, KOHIIGHTPHYHOU Touke C W MPOXOASALICH 4epe3 TOUKY A .
JIvnus, mpoxonsmasi yepe3 TOuku Ay, W C, mepecekaeT IUIOCKOCTb,
NEPICHIUKYISPHYIO ONTHYECKOW OCU U MPOXOMALLYIO Yepe3 TOYKy A, B
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TOYKe A, Ha PpacCTOSHMHM, PaBHOM —), OT OCH, a IUIOCKOCTb,
HEePIECHANKYIISPHYIO ONITUYECKON OCH B TOUKE A, IepeceKaeT B TOUke A,
Ha PAaCCTOSIHUM, PABHOM ), OT OcH. M3 prcyHKa Clie/yerT, 4To

Yo _ @, Toe g, =r—Sy, @ gy =r —S;y. VI3 opmynsr A6Oe moxygaem
Yo 4o
o _ 5o

=V,, T.e. Touka A  ompemeisieT HACATBHOE IOJIIOKEHHE
q n,S 0 ()
0 0

n3o0paxkeHuss Toukun A,. OpHako, NpU CMEUIEHHMH TOYKH A,

(O] (O]

IIPOCTPAHCTBA IPEIMETOB B IIOJOKEHUE TOYKM A, MapaKkCUaIbHOE

M300paKeHNE CMeIaeTcss W3 TOYKH A), B TOUKy A.,, TOJOKEHHE

KOTOPO# OmNpenensiercss OTpe3KoM .. OmpenenuM MpoeKIUIo OTpe3kKa

!

A, A, Ha ONTHYECKYIO OChb, PaBHYI0 — As

® w0» IPH OTOM, KaK CIeAyeT, U3
pPHUCYHKa,

0 =G0 — (o COS®. @)

N3 popmyiiel AGGe cienyer, 4To
n'rq;
Go=r=So=—— 3)
nr -+ (n' —n)qg
Torna
q
dw0 = 0 .
COS ®
B stoM cityyae
' nrqm nrq

o0 = 0 = 0 (4)

n'r—(n'—n)g, nrecoso—(n'-ng,
3aMEHHUB OTPE30K ¢, B OTOM BBIPAKEHUU COOTHOLIEHHEM (3),
HaxoJuM, 4TO

: 1 4o
= . S
Qo0 Cos(gl_n'—nl—COS(D , ( )

n rcosm
[ToncrtaBuB cooTHomieHue (5) B BblpaxkeHwe (2), B pe3yibTaTe
peoOpa3oBaHMil TOTyYaeM

2
IIpu manoy BeMMYMHE yria  MOKHO IIPUHSTH

2 M
nr_n l—fg 5 5
As' =— .
®0 2nr n—n , o Yo (6)
1- Yolg
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!
n—-nmn ,
Yo - (7)
2nr
[lycte paccmaTpuBaemasi TOBEPXHOCTh — OJIHA U3 kK TIOBEPXHOCTEH,
o0pazyronmx OIITUYECKYIO CHUCTEMY. Kpusuzna IMOBEPXHOCTHU

u3o0paxenuss  As,,, ~ Hocie V-0  cepuvyecKkod  MOBEPXHOCTH

!
AS(DO ~

COOTBETCTBYET KPHBH3HE MMOBEPXHOCTH W300pakeHHs Asy, TOCIe Bceil
CUCTEMBI ITOBEPXHOCTEN, paBHAas
n'
r_ ' 2
Ov _AS(,O()V _,HVV )
ny, vy
rae V, —nomnepedyHoe yBeNMUYEHUE H300pakeHUs, OOpa30BAHHOIO V -OU

/

noBepxHOCTEIO. [TonoxuB B popmyie (7) As,, = As, ., , TOTydaeM
’ 'k o
n,—n n nn,—n
r_ \% v 12 2 _ v v 12
ASO\/ - Yov v 5 / Yo -
n,r, ny v+l nyn,r,

[Ipy »TOM KpHBHU3HA MOBEPXHOCTH H300paKeHHUs, OOPa30BAHHOTO
ONTUYECKON CUCTEMOU B IIEJIOM, PaBHA

k ’ k! ' k
n n,—n n 1(1 1
r r_ 12 v v 12 _
= Xash == By
v=1 v=1 nvnvrv v:lrv nv nv
1 o2 4 1 1 1 1.2
=—nyy 2, —A—=——ny; Sy,
v=11y, 1,

rae S, —Ko3(p(UIUEeHT NelnBajleBoil KpUBU3HBI (MM YEeTBEPTas CymMMa
3eitnens), paBHbIN

k1 1
Sy =-Yal.
v=lly 1

Wrak, napakcuaabHOE U300pakeHUE TOUKU A, pacHoJIOKEHO B TOUKE

A.,. OmHako, B 00IIeM ciydae ITy4OK JIy4eH, BBIXOISIIMX M3 TOYKH A

TJIOCKOCTH IPEAMETOB, HE CXOIHUTCS B TOYKE A, ,, YTO OOYCIIOBJICHO
chepuueckoil abepparmeid, BHOCUMOW B CTPYKTYypYy TIydka Jydeu
paccMaTpyuBaeMOM MPETOMIISIIOIIEN TOBEPXHOCTHIO.

Ha puc.2 nmokaszan xox Jiyya U3 OCEBOM TOYKM A B NPOCTPAHCTBE
IPEeAMETOB 4epe3 C(HEepUUYECKy0 MOBEPXHOCTh paguyca 7, pa3Ieisiollylo
cpeibl C TOKa3aTesIMM TPEJIOMIICHUS n W n', B OCeByl0 Touky A B
pPOCTpaHCTBE H300pakeHU. CMBICI OCTATbHBIX O0O3HAYCHUUN BIIOJIHE
MOHSATEH U3 PUCYHKA. B COOTBETCTBUH C pUCYHKOM UMEEM

rsing = gsing, (8)

rsing' =¢'sinc’. 9)

Ho nsing = n'sin€’. Torma
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ngsinc =n'q'sing’. (10)

< »
% L

Puc.2. Chepuyeckasa abeppaumsa B nsobpaxxeHmm To4kn, o6pasoBaHHOM
chepuryeckon NoBEPXHOCTLIO

Ortcroza cieayer, 4To

rae V —momepedHoe yBenudeHue u3oOpakeHus. Ilpu 3ToM BelnyuHa
IPOJIOJILHOM ceprueckoit abeppaiuu B n300pakKeHUU TOUKH A paBHA
As'=s'—sh=r—sy—r+s' =qy—q' =Vy—V)g,. (11)
BeipasuB yrom y uepes yriibl G UM €, a 3aTeM 4epe3 yIribl 6 | €,
noaydaeM ¢ =c +¢' —¢. [Ipu aTom
sinc’ =sinccosgcose’ +sinosingsing’ —cososingcose’ +

+cosccosesing’.
CootHomieHue (8) ¢ y4dy€ToM 3aKoHA MPEJIOMIJICHUSI IO3BOJISIET
npeoOpa3oBaTh MOJYYCHHOE BEIPAXKCHUE K BHTY

V=ny, (12)

~ ees O ~~2 . ~ . ~ ~ .
aaa y =nq, sin’ o + \/l—qo2 sin’ G\/l—nzqoz sin’ o +

- . - 2 . —2~2 - ~ N
+q0\/1—s1n2cs(n\/1—q02s1n2cs—\/l—nzqozsmzcs), n=—, q(,:@.
n r

HanmomauM, 4Tto HEKOTOpYyH (PyHKIMIO Y = f (x), HETPEPBIBHYIO H

HMMEIOIIYI0 BCE MPOU3BOJIHBIC MTPpU X = 0, MOKHO NIPEJICTABUTh CTEIIEHHBIM

psiaoM MakiopeHa B BUJIE:
n

2
()= £(0)+ 1 10)+ 5 £ 0)+K + - 1(0)+K .

PaznoxuB Belpaxkenue (12) B pan MakiopeHa W TMOJCTaBUB €ro B
dbopmyiny (11), momydyaem
' ) . 4 . 6 . 8
As' =g \a;sin“ G +assin” 6 +a,sin” G +ag Sin G-I-K), (13)
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I 1-m . ~ ~
IIC d; :EVO ﬁn %(I_QO)(I"‘”qo)’

1
1 1 5, 3
a, =—Ba, ——oaa; +a;,
7 8133 o %3 T3
1 2\ 2 3 4
Ay =—va,——\4p+o” Jays +—aa; —a;,
9 64Y3 16(B )3 3 3
IO S
Ot=1+(1—n)qo+1 " g2,
o \ey 1-7
p=a-igs +{-)3 +- a5
s\ws 1=7' oy o 1=
y=5[3+(1—n5)q05+ n~q0 —nqozoc+n 25 -3 q(f+
| 7] 1-n
=3
+(l-7 ﬁ+11 "G

V, = :
* 1+ (7 -1)g,

Jlerko yOenuTbes, 4TO IPHU 7 =00 WU NpHU S, =0 BbIpakeHue (11)
IPUBOAUT K Heompenen€éHHocTu Bumaa 0-co. OgHako, ¥ B 3TUX YACTHBIX
Clly4asix MOKHO TOJIYYUTh BBIPOKECHHS, aHAJIOTHYHbIE BbIpaxeHuto (13).
3ametuM, 4To K03 puuueHt a, =0 npu g, =0, g, =1 u npu rng, =-1.
IIpu g, =0 umeem s, =r,, npu g, =1 orpesok s,=0, a mpu nqg, =-1
paguyc  KpHUBHU3HBI  C(EpUUYECKOM  IOBEPXHOCTH  ONpPEAEIIAeTCS
COOTHOIIEHUEM

ns,

r=— .
n+n

OTKyda CJICAYCT, 4YTO BO BCCX I9THUX CHydaddAX OCCBBIC TOYKHU IPCAMCTa

COBIIaJalOT C allJIaHATUHYCCKHMMH TOYKaMH C(l)GpH‘-IGCKOfI IIOBCPXHOCTH.

BaxHOo oTMeTuTh, 4TO NpU @3 =0 0OpAIAIOTCS B HOJb U BCE OCTAJIBHBIC

ko3 duireHTs Beipaxkenus (13).

OOpatumcss K puc.3, Ha KOTOPOM TIIOKazaHa cdepuueckas
HIOBEPXHOCTb, pa3JICIIAIoNIas Cpe/Ibl C MOKa3aTeIAMU IPEJIOMIICHUS 1 U 1.
bynem cuutath, 4ro TOYka mnpeamera A4, U €€ MapaKCUAIbHOE

m3obpaxenue  Aj, oOpazoBaHHOEe c(depUUECcKOl  PETOMIISIONICH
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MTOBEPXHOCTHIO, ONPENEIAIOT IMOJOKEHUE ONTHYECKOW Och. B miockocTu
pPUCYHKA Ha CJIEeIe MNPEAMETHOM IUIOCKOCTH, MEPHEHIUKYISIPHOW JIMHUH
Ay Ay, TPUHSTON 32 ONTHYECKYIO OCh, HA IPOU3BOJIBHOM PACCTOSIHUHU Y, OT

TOUKU A, BbIOMpaeM npeaMeTHYyIo Touky A. M3 touku A4 udepe3 Touky C
IPOBOJUM MPSMYIO JIMHHIO JIO TEPECeYeHUs B TOYKe A, CO cileaoM
IJIOCKOCTH M300paXeHUs, MapajyICIbHOM TPEAMETHOM IIJIOCKOCTH U
npoxonsieii yepe3 Touky A,. HazoBéM nyu A4, mpoxomsmmid Hox
YIJIOM — (® K ONTHYECKOU OCcH uepe3 LEeHTp chepruueckoit moBepxHoctu C,
HEHTPaJIbHBIM IJaBHBIM JiyuoMm (L{I'JT).

So

»
|

A

Puc.3. Cxema xona ny4en 4yepes cepuyeckyto noBepxXHOCTb
OnpenenuM LEHTP BXOJHOI'O 3payka MPEIOMIIIOIIEN IMOBEPXHOCTH
Toukoit P Ha ocu AyA;. IIpu 3TOM TIaBHBIH JIyd U3 TOUKH A IOX yIJIOM
-0, k HI'JI mpoxomut yepe3 Touky P B Touky N cdepuueckoin

HPEIOMIIAIONICH MMOBEPXHOCTH, IOCIE MPEIOMJICHHS Ha  KOTODOii
HarnpaBJisieTcss B TOUKy A TUIOCKOCTH M300pakeHwus, nepecekaet LIV B
TO4Ke A., 00pa3ys ¢ HUM YToJI G, B IPOCTpaHCTBE M300pakeHni. Kaunys

rnaBablii  1ya  ANA" Bokpyr UIJI  ACA, Ha wmamblii yrom B

MPOTUBOIOJIOKHBIE CTOPOHBI, OOpasyeM y3KMH Ty4OoK Jyuyeld B
CaruTTaJIbHOM TIIOCKOCTH, HCXOMSIICH M3 TOUYKH A W COOHparoIiuics
1ocJjie mpesioMJIeHHsT Ha chepruuecKoil MOBEPXHOCTH B TOUKE MEpPECeUSHUsI
rnapaoro syda ¢ LIJI, T.e. B Touke A.. Ilpm sTOM caruTranpHas

COCTAaBIISIOIIAs UCKPUBJICHHS MTOBEPXHOCTH M300paKEHUS B HAMPaBICHUH
IJaBHOTO Jiydya paBHO oTpe3ky A'A;=-As.. Ha puc.3 otpe3ok

5
oA ' o
0de0 = _AS(DO OoNpCACIIHACT COCTABJIAOINYIO IICHBAJICBOM KPHUBU3HLI B
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Hanpasinennu LI'JI, a otpesok 4, A, =—As, . omnpenenser mpoaoIbHYIO
ceprudeckyro abeppaliuo MpeTOMIISIONISH MOBEPXHOCTH Jist Tyua ANA'
Ha quaun L{I'JI. Mcnone3yst TeopeMy cuHycoB, u3 TpeyroibHuka A, Al A’

HaXO0M
AS o +As, As N (14)
sin(90°~w—c’,) sin(90°+®) sinc)

3nece Ay’ —nuHeHHAs BeIMYMHA IHCTOPCUU, paBHas Ay = AjA'—

— A\A,, = y'— y;. Y3 nepBoro paBenctsa (14) Haxoamum, 4To

AS), + As)
As) == ——99 cos @, (15)
cos(w+ ', )
a U3 BTOPOIo —
~1 !/
Ay = ASuo + AS‘;"" sinc’,, (16)
cos(w+ac’, )
!/
re A5, = —20,
COS®

O6osnaunm orpesok PC=r-s,=gq,. W3 tpeyronbunka ACP

Y
HAXOJMM, UYTO
sing,, sin(w+o,)

Qp 900
B pesynbrate moclienyoomux Mnpeoopa3oBaHUN 3TOTO COOTHOIICHUS
MOJIy4aeM

qisinzw
2, 2 27
9018 (D+(%_qp)

sin“o, =

Ho tgw = &. Torma

qo
2 2
sinzcs@: qu 2 2yo 2 (17)
(Clo—qp) +Yo 90 T Vo

[lpumenum BoipakeHne (13) ans onpeneneHUs BETHMYUHBI As, ..
3aMEHHMB IIPU DTOM OTPE30K ¢, OTPE3KOM ¢, , TOJIydaeM
[ _ . 2 . 4
Asy o = qu(a3m sin“ o, +as,sin o, +K ) (18)
B pesynbpTare mociieioBaTenbHON MOJACTAHOBKK BhipakeHus: (17) B
(18), a Beipaxkenuit (18) m (6) B (15) m (16) HaxoaWM BEIUYUHY
CarMTTAJIbHOW COCTABJISIFOIIEH MCKPUBJICHUS TTOBEPXHOCTH M300paKEeHUSI B
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HAaIPAaBJICHUU TJIABHOI'O JIy4a, a TAaKXe BEJIMYMHY JIMHEMHOW IUCTOPCUH
~ -1
COOTBeTCTBeHHO. [lpm V, =7y, BelWyuHy yria o©, HaXOJUM U3

o, .
paBeHCTBa sinc), =y, sinc,,.

Puc.4. CTtpykTypa y3KOro nosieBoro ny4ka ny4qemn

[IpoBeném U3 TOUKM A TOA MalbIMU yIJIaMd K TJIABHOMY JIydy JBa
JTy4a, 00pa3yloIue B IPOCTPAHCTBE H300paskeHUH C ITIABHBIM JIy4OM YTIIBI
— A6/, u A,c,, unepecekatomue L[I'JI B Toukax A4, n A;,, Kak Moka3aHo

Ha puc.4. U3 pucynka crenyer, uro Al{, =15 —[/. Ilonaras yriael AG, u

A,G! MaJbIMU, HAXOJUM, 9TO

Sl(m )sin S0 + 81(As')cos c,,

=

Aoy,

Iy = 5,(4s )s’m % 4 5,(As')cos S, .
A2Gm

ITpu 3TOM
5,(As") 8,(As")

All, =
. Ao, Ao,

Brnontre  odeBMaHO, dYTO BeAMYMHA  CEpPUUISCKOU

sino’, +[8,(As")—8,(As")|cosc,.  (19)

abeppanuu

o '
onpeaeseTCst BEJIMYNHOM yria G, 4, COOTBETCTBCHHO, U yTIJla O, . HyCTb

As'= f (sin G'w). Huddepenuupys d3TO  BBIpaKECHHUE

nuddepeHranbl KOHSYHBIMHU PA3HOCTSIMH, OJTyYaeM
8(As")= f'(sinc’, )cos o, Ac, .
B mpezenax Takoro npHOIKEHHS HMEeM
3,(As") (A’ :
o : )= 1 : )=f’(s1n6'®)coscs;).
Ao AG,

2Y o
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ITpu 3TOM
v o ' 2 ' '

All, = f'(sinc) )cos®* &/ (A,0), —AG,).

B obOmactu nguddepeHnnanbHbIX COOTHOIICHUW (MPU  MajbIX
OTKJIOHEHUSAX paccMaTpUBacMbIX Jy4ded OT TIJIABHOIO) CIPaBEJIMBO
paBeHCTBO A, =—-A6, =Ac) . Torna

" o ' 2 s '

All, =2 f'(sinc’, )cos® 6/, Ac, .

CMelieHre TOYKH NEpeCEUEHMsl JIydeil OTHOCUTEIBHO IVIABHOT'O JIy4a
omnpenensieTr abeppaluio, Ha3pIBaeMyto KoMoi. B cooTBeTcTBHH € puc.4 u3
TpeyronbHuka A, A A , HaXOANUM, YTO BEIMYMHA KOMBI O, paBHa

1 ' ' o ' 2 r )2

Oy =§A112A6w = f'(sinc’, )cos” &, (A, ).

B srom BhIpakeHUH TpH (PUKCUPOBAHHOM IOJIO)KEHUU BXOJHOTO
3pauka BemmumHa ['(sinc’,)cos® o, mocrosHHa. OGo3HaumM AcG) =G’ .
Torna BeIpaskeHHE, ONpPEAEIAIONIEe MEPUAMOHAIBHYI0 KOMY TPEThEro
nopsifKa, MPUOOPETAET NPUBBIUHYIO (hOPMY

2 : 2

8, =bc’*,rne b= f'(sinc), )cos* G, .

r_ o~ s 2 A . ' 2 o

ITycte As'=a,,sin“o,. Torna b=2a,,sinc, cos” c,. Ilpu manoii
BEJIMYHHE yTIIIa G, UMEEM

Y r 12
O, =20;,0,0 . (20)
Bnonue oweBnano, yro npu As'#0 npu ¢’ -0 Touku 4, A, u

m
A’ cruBaroTCS B OHY TOUYKY A’ , pacrojiOECHHYIO Ha TJIABHOM JTy4e, KaK
onpenesnser

nokazano Ha puc.3. Ilpm stom otpesok A'A =-As,
MEPHUIAMOHAIBHYIO  COCTABJIIONIYI0  HWCKPHBICHUS  TOBEPXHOCTH
M300paXEeHHs B HANPABJICHUH TJIABHOTO JIyda. ACTUTMaTHYecKasi pa3HOCTh
MEPUAMOHAIBHOM W  CaruTTaJbHOM  COCTABIIIOIINX  HMCKPUBJICHHSA

TIOBEPXHOCTH M300paxkeHus paBHa oTpe3ky A A =—As!. Kak cnenyer u3
puc.4, BenmuunHa As,, paBHa
d(As'
o ()
dc

=sinc,, .

(O]

Ipu As' = @, sin” ¢!, umeem

As' =2d,, sin” 6| cos o', .

[Tonarast BeJIMYMHY yriia G, MaJOH, HOIydaeM

As' =20, 0. (21)

o -
PaccmarpuBaemblii MOAXO0A K aHAIW3y a0eppalMOHHBIX CBOWCTB

chepruecKol  TOBEPXHOCTH  Aa€T  HAIJIAAHOE  NPEACTaBICHHE O
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B3aMMOCBS3U U B3aUMHOM 00YCIIOBJIEHHOCTH a0eppaluii pa3auyHOro BUaa
B M300paxeHun, oOpa3oBaHHOM C(HEepUUECKON MOBEPXHOCTHIO, TTO3BOJISIET
OLICHUTH CJIOKHOCTb ITOCTPOECHUS HCXOAHOM KOHCTPYKIMH ONTHYECKOU
cUCTeMbl, oOecreynBarouieil TpedyemMoe KauecTBO M300paxeHUsl Kaxaou
TOYKH IIPEIMETA.

[Ixomna reomerpuueckoit ontuku B CIIOI'Y UTMO Obuia co3mana Ha
OCHOBE KJIACCUYECKON HEMEIKOW ONTUKU TPYJIaMH BbIJAIOIIETocs (pr3uKa
yieHa-koppecnongenta AH  CCCP  mpodeccopa  MrHatoBckoro
Brnagnmupa CepreeBrya M €ro y4eHHMKA 3aCIIy’KEHHOTO NIESITENs HAYKH U
TeXHUKH Poccum, JOKTOpa TEXHUYECKUX HayK, npodeccopa YHypHuioBCKoro
Brnagumupa HuxonaeBuva, mepBoro aekaHa ONTHYECKOTro (akyibTeTa,
OpraHmM3aTopa M 3aBelyIOLIEro NepBoi B YHUBEpPCUTETE Kadeapoil Teopuun
onTuyeckux MnpubopoB. CucTemMaTHYecKoe H3ydeHUEe abeppalmOHHBIX
CBOMCTB OTJEJIBHBIX 3JIEMEHTOB ONTHYECKON CHUCTEMBI (IIOBEPXHOCTEW,
OJIMHOYHBIX JIMH3, [IOBEPXHOCTEN CKJIEUKU JINH3, BO3AYIIHON IPOCIOUKU U
T.A.) B 00JIaCTU peabHbIX TOJIEM M YHUCIOBBIX arepTyp BIEPBHIC
MNPEANPUHSIT BBIJAIOMINICA YUEHBIN-U300peTaTeNb, 3aCy>KEHHBIN JIeSITENb
HAayKu MW TexXHUKU Poccum, NOKTOp TEXHMYECKUX HayK, mpodeccop
PycunoB Muxann MuxaiioBuy. Pa3BuBas naenm CHHTE3a Kak IPUHIIUIIA
CO3/IaHUs PAUMOHAIBHOM KOHCTPYKLIHMH OINTHYECKOW CHCTEMBI, OH BBEN
NoHsITUE 0a30BOr0 JJIEMEHTa ONTHUYECKOM CHUCTEMbl W TPUHIIMI
MOCTPOEHUsI €€ MYTEM MOCIEN0BATENBHOIO Pa3BUTHsA, OCHOBAHHOIO Ha
MOCTENIEHHOM BBEJICHUM HEOOXOJAMMBIX KOPPEKIMOHHBIX 3JIEMEHTOB.
"Cnenyer 3ameruth, —nucal M.M.PycunoB B kHure "Kommosuius
ONTUYECKUX CUCTEM" — YTO YAOBIIETBOPEHUE TpeOOBaHMUIA,
NPEABSBISEMbIX K pa3pabaTblBA€MOW ONTUYECKOM CHUCTEME, BO MHOI'MX
CIy4asix MOXET 0O0ecleunBaThCsl Pa3IUYHBIMU  NPUHIUNHAIBHBIMA
CXEMaMH, YTO CBHUJETENBCTBYET O CYILIECTBOBAHWHM HECKOJIBKUX
BO3MOKHBIX pemieHuid. ClienoBaTesbHO, CO3JaHUWE TOWM WA HWHOH
ONTUYECKOW CHUCTEMBI HEJb3S CBOAUTH JHIIb K CHHTE3Y €€ W3 psaa
BBIODAHHBIX KOHCTPYKTHMBHBIX JJIEMEHTOB, T.€. HeEoO0XoauMm Oosee
IIMPOKUI MOJAXO0J, KOTOPbIH MOXET OBbITh Ha3BaH KOMIIO3ULIMEH
ONTHUYECKUX CUCTEM .

PesynbraTel mccnenoBanui, BbhITONHABIIMXCS M.M.PycnHOBBIM Ha
OPOTSKEHUH MHOTUX JAecsATuiieThuid (HaumHas ¢ 30-X TOJIOB MPOILIOro
BEKa), M0 CYTH JIeJia, ONPEACINIA CO3/IaHUE PYCCKOM ONMTUYECKOM IIKOJIBI
KOMIIO3UILIMM ONTHYECKUX CHCTEM. JTa IIKOJIA TPyAaMu €€ CO3IaTelis
M.M.PycuHOoBa W €ro y4Ye€HUKOB MpOILJIa CTAaAUWK0 CTAHOBJICHUA U
IIPOJIOJIKAET YCIIEITHO Pa3BUBATHCH.
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