[naBa 2
OCHOBbI FTEOMETPUYECKOU ONTUKU

2.1. OcHOBHOE ypaBHEHHE T€OMETPUYECKON ONTUKHU
PaccMoTpuM rapMoOHHYECKOE SJIEKTPOMArHUTHOE MOJIe OOIIEro BUa

E(r,¢) = E(r)exp(—iot),
. (2.1)
H(r,t) = Ho(r)exp(— iot),
rae Bektopa E,(r) u Hy(r) ompenensiorcs KOMIIEKCHBIMH BEKTOPHBIMH

(GYHKIMSIMU TTOJIOKEHUS, IPYU 3TOM BEILIECTBEHHBIE YACTH CTOSAIIUX CIIpaBa
BBIPOXKEHUI OonMUChIBaIOT uiznueckue nons. IloacraBuB Beipaxkenus (2.1)
B ypaBHenust Makcsemnna (1.14)—(1.17), B cpene, cBOOOHOM OT 3apsiioB U
TOKOB, ITOJIy4aeM

rotE, —ikyuH, =0, (2.2)
rotH, +ikyeE, =0, (2.3)
diveE, =0, (2.4)
divnH, =0. (2.5)
[Ipu BBIBOMIE 3THIX ypaBHEHHI OBUIM HCITOJIH30BAaHBI MaTepHUAJIbHBIE
ypaBHeHuss D=¢E, B=puH u cooTHomeHus £k =9 =il, rae Ay —
¢ 0

JUIMHA  BOJHBI B Bakyyme. OIHOPOAHYIO  IUIOCKYIO  BOJIHY,
PacpOCTPaHAIOUIYIOCS B CpPElle C MOKAa3aTeNeM MPEIIOMIICHHUS 71 =./EUL B
HaIlpaBJIICHUHU, OMNpPEIEIIEeMOM E€IUHUYHBIM BEKTOPOM S, MOXHO
MPEACTABUTH CIEAYIOIMUMHI BEKTOPHBIMU (QYHKIHUSIMU:
E,(r)=eexp(ikyns-r),
H,(r) = hexp(ikyns ),
rae e u h —nocrosiHHbBIE BEKTOPHI, B 00IIEM ciiyyae KoMIUIeKCHble. Ha
JIOCTAaTOYHO OOJIBIIUX PACCTOSHUSX OT MAajoro UCTOYHUKA TOJS S T =~ 7.

HOBTOMy Pa3yMHO IIPCAIIOJIOKUTDL, YTO B 9THUX CIIy4dadX I10JIC 06H_[€FO THUIIA
MOJKHO IIPCACTABUTDb B BUJIC!:

E,(r)=e(r)explikyL(r)],

H,(r) = h(r)explik,L(r)]
rae L(r) — "ONTUYECKU MyTh" — BEIIECTBEHHAs] CKaJIApHass (QYHKIUA
MOJIOKEHUS; e(r) " h(r) — BEKTOpHBIE (DYHKITUU MOJIOKEHUSI, 00s13aTEIHHO
KOMILJIEKCHBIEC, €CJIH HEOOXOAMMO Y4YeCThb BCE BO3MOKHBIE COCTOSHUSA
MOJISIPU3AIUY U3JTYUCHHUS.

[IpumenuB Kk BbIpaxkeHUsIM (2.7) XOpOIIO H3BECTHHIE BEKTOPHBIC
TOX/ECTBA, MMOJIy4aeM

(2.6)

(2.7)
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rotE, = (rote + ik,grad L x e)exp(ik,L), (2.8)
diveE, = (¢ dive+egrad e + ikycegrad L) exp (ik,L). (2.9)
Amnanornynsle BblpaxkeHus nonydaeM g rotH, u mna divpH,.

[TonmyyeHHbIE BBIpaKEHUSI MO3BOJISIIOT IMpeoOpa3oBaTh ypaBHEHUS (2.2)—
(2.5) x BUAY:

gradee—uhz—_Lrote, (2.10)
LK
gma’Lxh+se=—;r0th, (2.11)
ik,
egrad L = —_L(egrad Ine+div e), (2.12)
LKy
hgradL:—%(hgmdlnu+divh). (2.13)
LK

ITycte Ay, — 0. IIpu 3TOM k[ — 0. Eciu B 3TOM cilydae BbIpaXKeHMs],

1 .
KOTOpPbIE YMHOXAIOTCSI Ha T He OyAyT 4pe3BbIYAtHO OOJBIIUMH, TO
i
0
npaBbIMH YacTaMu ypaBHeHuU (2.10)—(2.13) mokHO TmIpeHeOpeubr u
3amucaTh UX B BUJIE:

gradlL.xe—ph =0, (2.14)
gradlLxh+¢ege=0, (2.15)
egradl =0, (2.16)
hgradl =0. (2.17)

Jlerko BuaeTh, 4To ypaBHeHusa (2.16) u (2.17) momydaroTca wu3
ypaBHeHui (2.14) u (2.15), eciivi yMHOXKHUTh UX CKAISIpHO Ha gradL .

N3 ypaBHenus (2.14) cnemgyer, 4To hzlgradee. [Ipu sTOM
T

ypaBHeHHE (2.15) MOXXHO MPEICTaBUTh B BUJIE:
! [(e gradL)gmdL — e(gmdL)2 ]—i— ce=0. (2.18)
w

B cootBeTcTBUM C ypaBHeHUEM (2.16) mepBbIil 4jieH MOTYy4YEHHOTO
ypaBHEHUS o0parmraercs B HyJib. [Ipu 3TOM, MOCKOJIEKY BEKTOp € HE paBEH
HYJIXO BO BCEM paccMaTpUBaEMOM IIPOCTPAHCTBE, MOIYYaAEM:

(gradL) = n?, (2.19)

rac n =,/EUL — IOKa3aTcjib IPCIOMIICHUA CPCADI.
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DO YHKIUIO L(r) Ha3bIBAIOT HUKOHAIOM, a YypaBHeHue (2.19)—
YpPaBHEHUEM DMKOHAJIA.

BaxxHo oOpaTuTh BHUMaHUE Ha TO, 4TO ypaBHeHue (2.19) nomydeHo B
NPEIIOI0KEHUH, UTO A, —> 0. Pa3nen onTuku, B KOTOPOM IpEeHEOpErarT
KOHEYHOCTHIO JIJIMH BOJIH, YTO COOTBETCTBYET NPEACILHOMY NEPEXOAY IPHU
Ao — 0, Ha3bIBaeTCs TIEOMETPUUYECKOM ONTHUKOH, IOCKOJBKY B 3TOM
NPUOJIMKEHUH OTNTUYECKHE 3aKOHBI MOXXHO COpPMYIHpPOBATH Ha SI3bIKE

reoMeTpud. YpaBHeHue (2.19) Ha3pIBalOT OCHOBHBIM YpaBHEHHUEM
r€OMETPUYECKON ONTUKH.

HOBerHOCTI/I L(l‘) = const Ha3bIBAIOT T'€OMECTPUICCKUMHU BOJIHOBBIMU

IIOBEPXHOCTSIMH MJIM T€OMETPUUYECKUMU BOJHOBBIMHU (DPOHTAMU.
3aMeTuM, 4TO B OJHOPOJHOM cCpeie B 00JaCTIX, CBOOOJIHBIX OT
3aps/10B U TOKOB JIFOOOM M3 JI€KAPTOBBIX KOMIIOHEHTOB A(r, t) BEKTOPOB

nonms E u H ynoBieTBopsieT OJHOPOJAHOMY BOJIHOBOMY YPaBHEHMIO
(1.25), nanmpumep, B popme
n® 0% A(r, t)
c?  or
pELIEHNE KOTOPOTO MOXHO 3anucaTh B BUJIE:

A(x, y,z;t)= A(r, 1) = 4, (r)expliky[L(r) - ct]},
rae Aﬂ(r) U L(r) — NEeVCTBUTEIILHBIE BEJINYNHBI.

V2 Al(r, 1) =

b

Bemuunny A, (r) yno6HO 3aMEHUTh BETHUMHOMN €Xp a(r). ITpu sTOM
V24 = divgradA = div|Agrad(a + ik,L)|.

Wcnonbsys ToxkaectBo V(fA)= fVA + AVf', nomydaem

V?A = Adivgrad(a + ik,L)+ grad(a + ik,L)gradA =

= AV*(a+ik,L)+ A[gmd(a + ikOL)z]

WIN
V4= A{Vz(a + ik, L)+ lgrad(a + ikOL)zj}.
n2 8214 2,2
Kpowme Toro, JEpw =-n"kjA.

B pesynbrare nmeem
A[pvza +ik,V*L + (gmda)2 + 2ik,(grada)grad L) -

— kg (gradL)2 + nzkg]z 0
WIN
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{Vza + (grada)2 — kg l(gma’L)2 —n’ J}+
+ik, {2(grada)(gradL)+ sz}: 0.

PasieNuB 3T0 ypaBHEHHUE Ha Kk , TIOTydaeM:

2
(gradL)2 —n? —j—oz[vza + (grada)z]—
T

- i;—o {2(grada)(gradL)+ VzL}: 0.
T

B npenene nmpu A — 0 U3 paBeHCTBa HYJIO JEHCTBUTEIBHOW YacCTH
MOJIy4aeM OCHOBHOE€ YpaBHEHUE reoMeTprueckoit ontuku B popme (2.19).
dopmyity (2.19) MOXXHO MPEICTaBUTH B BUJIE:

2 2 2
(a—L) +| oL +(5—LJ =n’. (2.20)
ox oy 0z

®opmynbl  (2.19) u (2.20) copaBemuBBL JIMIIL TOT/A, KOI/a
u3MeHeHns a(r) Ha pacCTOSHUSX, CPABHUMBIX C JUTHHOH BOJHBI, MJIBI IO
cpaBHEeHHIO ¢ camoii BemmumHON a(r). T109TOMy HENB3S OXHAATh, UTO
reOMETpUYECKas ONTHUKA JACT MPABUIbHOE OMHMCAHUE MOJIsA, HApUMEp, Ha
IpaHMIC TCHHW, TaK KaK TaM WHTCHCHBHOCTh CBETa PE3KO MEHSETCS, WU
BOJIM3U TOYEK, TJIe TIPOMCXOJNUT pe3Kas KOHIICHTpAlHs CBeTa (Hampumep,
BONMM3M  pe3koro u3o0paxkeHuss Touku). OTBET Ha BOMNPOC O
pacpoCTpaHCHNH WHTECHCUBHOCTH TOJS B TaKUX OOJAcTAX AT Teopws

T paKIIig.

2.2. CBeroBbI€ JIy4YH

DHeprus, MPOTEKArOIIAs 3a BpeMs ¢ 4epe3 OCHOBAaHME LIUIMHAPA, OCh
KOTOPOT0 HapajijiesibHa OpTy S, a IJION[aJb MONEPEUYHOI0 CEUYEHHs paBHA
eAMHUIIE, PAaBHA HHEPIrUM, COJAEpXkaUICiCs B LWIMHIApPE NJIUHON Vi, rne
V' —ckopocTh  pacnpoCTpaHEHUs  AJEKTPOMAarHUTHOIO  MOJsS B
npoctpaHctBe. (CleoBaTeNbHO, TOTOK JSHEPrUU, pPaBHBIM SHEPIUH,
IPOTEKAIOLIEH 4Yepe3 OCHOBAaHWE LWIMHIpPA B €IUHUIY BPEMEHH, PaBEH
Vw, rie w — IJIOTHOCTh 3HEPTUU 3JIEKTPOMarHuTHOro mnojs. IlnotHoctn
AIEKTPUYECKON U MAarHUTHOM HEPIUU COOTBETCTBEHHO PaBHBI

w, =LE-D, w,, =LH-B,

8n 8n

OpU 3TOM IUIOTHOCTh DJHEPTrMU JJIEKTPOMArHUTHOIO TOJS paBHA

w=w,+w, . YaursiBasg cooTHoueHue (1.45), nomydaem

w=—p2=Hpg? 2.21)
4r 4r
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C npyroit ctopoHbl, BEKTOp YMoBa-lIloiiHTHHTa B COOTBETCTBUU C

BeIpakeHueM (1.107) paBen
G="ExH=""FEHs=" |CE%=5 [MH%. (2.22)
47 4 4\ 1 4\ ¢

CpaBHI/IBaH BbIpaxkeHus (2.21) u (2.22), nonydaem

G=——ws=Vws.
@

Orcroma crmenyer, 4To BEKTOp YMoOBa-lIoMHTHHTA OmpenenseTr moTok
SHEPIUH U 110 BEJIMYUHE, U M0 HAIIPABJIECHUIO PACHPOCTPAHCHMUS.

BekTopsl  2JEKTpUYECKOM W MArHUTHOM  HaNpsHKEHHOCTH
FapMOHUYECKOTO  DJIEKTPOMArHUTHOIO  MOJS  MOXHO  NPEACTaBUTH
BBIPAXEHUSIMU BUIA:

E(r, )= Re{E,(r)exp(-imt)} =
= %[Eo(r)exp(— iot)+ EZ(r)eXp(imt)],
H(r, t) = Re{H0 (r)exp(— iwt)} =

= % [Ho (r)exp(—iowt)+ Hj, (F)CXP(i@t)]’

rae E, u H, — xommiekcHbple BEKTOpHbIE (PYHKIIUU KOOPANHAT.

(2.23)

(2.24)

(2.25)

Tak kak 9acTOTBHI KOJIEOAHWM B ONTHYECKOM JHANa30HE HW3ITYyYCHHS

O4eHbh BEIMKM (®  JOCTHraeT BeNMuMHEl Topagka  10°¢7h),
HENOCPEACTBEHHO HA0JI01aTh MTHOBEHHBIE 3HAYEHUSI HU OJHOW W3 TaKUX
OBICTPO OCUMJUIUPYIOMIMX BEJIMYMH HEBO3MOKHO. MOXHO TOBOPUTH JIMILb
00 MX 3HAYEHUSX, YCPEAHEHHBIX 3a HEKOTOPBIA HMHTEpBaJ BPEMEHU
—1t<¢t<1T, KOTOpPBHI BEIUK MO CPaBHEHUIO C TNEPUOJOM KoJeOaHUM

271
T=="—. B 4aCcTHOCTH, CpEIHSASA II0 BpPEMEHH ILIOTHOCTH DSHEPIUU
®
SIIEKTPHUYECKOTO TIOJIS paBHa
1 T
(w,) =— [LB2d1 = [Ezexp (- 2ico)+ 2B, - K+
2t °8n 16751
+ E;z exp(2ioot)} dt.
31ech
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T

1 exp(—2iot) =
4iot r

L Iexp(— it )dt =—
2t

1 1 T .
=— lexp(—2iwt)—exp(2imt )| = — —sin 20r.

4imt 4rt 1
[TockonpKy BpeMsl T BEJIMKO [0 CPABHEHUIO C ITEPUOJIOM 1, BEIMUMHA

T .
— MaJla II0 CpPaBHCHHIO C CIMHHUICH, a IIO3TOMY HHTCTPAJIOM,

T
COJICpKAIINM exp(— 2ioot) MOXHO TipeHeOpeub. [TogoOHbIM k€ 0Opazom

| 1 T
MOKHO IIOKa3aTb, 4TO 2— Iexp ZZQ)I)df —4——S111 2(,0’[ a, CJICA0BATCIIBHO,
T TT
-1

U UHTETPAJIOM, COJICPKAIIUM exp(2i0)t) MO>HO NpeHeopeub. B pesynbrare
OKOHYATEIbHO MOJTy4aeM

(w,) = %EO E},. (2.26)

e

AHaJOTMYHO HaXO0duM, 4TO CPpCAHAA 110 BPpCMCHHU IINIOTHOCTH S9HCPIUHU

MAaravTHOTO I10JIA1 paBHA

h .
(w >zEHO -Hj. (2.27)

m

Cpez[Hee 10 BpEMEHU 3HAYCHUE BeKTopa Ymoga-IloitHTHHTa paBHO

= J (E x Hdt_——j [E x H, exp(— 2imt)+
4 2

+E,xH, +E; xH, +Ej Hoexp(2zcot)]dt ~ (2.28)
c x
E,xH,+E;xH,)=—Re{E,xHj .
1675( o X Ho T K o) g { 0 o}
[ToncraBuB Boipaxkenus (2.7) B Beipaxkenus (2.26) u (2.27), nomyyaem
8 * H *
w,)=—e-e,(w )=—h-h. 2.29

(we) 167 () 16m (2.29)

N3 Beipakenuii (2.14) u (2.15) cnenyer, 4to

h :lgmdee (2.30)

w

e =—lgmdL><h*. (2.31)

€

[1pu 5TOM BbIpaxkenus (2.29) npuHUMAIOT BUJL

(w,)= —ﬁe(gmdL xh*)z ﬁ(exh*)gmdL :

e
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<wm> = ﬁ(gmdL xe)h” = ﬁ(e X h*)gradL :
B pesynbrare nmeem

(w,)=(w >:#(exh*)gradL.

e m

CnenoBaTenbHO, B NPUOJMKEHUHM  TEOMETPUUECKOM  ONTHUKHU
YCpPEIHEHHBIE 1O BPEMEHU IUIOTHOCTH JJIEKTPUYECKOTO M MAarHUTHOTO

II0JIEU PaBHBI APYT APYTY.
[ToncraBuB Beipaxkenus (2.7) B BeipaxkeHue (2.28), nosyyaem

c x
G)=—Reexh .
(G)= S Refexh]
Ucnone3yst cootHomienue (2.30), moaydeHHOE BbIpaKEHUE MOXKHO

MPEICTaBUTh B BUJIE:

(G)= éRe {e X (gmdL xe" )}: %Re {(e " )gradL —(egradL)e” }

B cootBeTcTBHUM ¢ ypaBHEeHUEM (2.16): e gradL =0.

[Ipu 3TOM
(G) = éRe { (e : e*)gradL}z %(e : e*)gradL.

[lepBoe u3 BeIpaxkeHui (2.29) Mo3BOISET MPEICTABUTH MOJYYEHHOE
BBIPAKCHUE B BUJIC

(G) = 2i<we>gmdL. (2.32)

Cpenusis o BPEMEHHU IJIOTHOCTD MTOJIHOU SHEpPrun

w)=w,)+w,)=2(w,). Ilpn gu=n’ OTHOIIEHHE < =V, a
(W)= (e {w,,) = 2(w) N

grad L .
OTHOLICHHUE B COOTBETCTBUM C ypaBHeHHEM (2.19) »sitkoHana
n
OIpeaeIsAeT HEKOTOPBIM €AUHUYHBIN BEKTOP S , PAaBHBIN
radlL radlL
g = STY4L _ ST (2.33)
n ‘ gradL‘

B pesynbrare nosydaem, 4ro

(G)=V(ws. (2.34)

Orcroga cregyeTr, 4ToO HalpaBJICHHE YCPEAHEHHOTO MO BPEMEHH
BeKTOpa YMoBa-IIOMHTHHTa COBNAMaeT ¢ HOPMAIBIO K T€OMETPUUECKOMY
BOJJHOBOMY (DpOHTY, a aOCOJIFOTHAsA €ro BEJIWYMHA paBHA MPOU3BEACHUIO
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. c
CpeIHEH TIJIOTHOCTH JHEPTHMM Ha CKOpocTh V =—. Bripaxkenue (2.34)
n

CBUACTCIILCTBYCT O TOM, YTO B HpI/I6J'IH)KeHI/II/I FeOMeTpH‘ICCKOﬁ OIITUKH
cpeansasa  IIOTHOCTb MOJIHOM OHCPIrur  JJICKTPOMAIHUTHOI'O  ITOJIA

c
pacnpoCTpaHsAeTCs €O CKOpocThto V =—. IlosydeHHble pe3yabTaThl
n

MO3BOJISIFOT BBECTH MTOHITUE T€OMETPUUYECKUX CBETOBBIX JTyUEH.
['eoMeTprueCcKre CBETOBBIE JIYUH MOXKHO OINPEICIINTh KaK TPACKTOPUU
MEPEMENICHUSI  IUIOTHOCTH  CBETOBOM  DHEPTrUHM,  OPTOTOHAIBHBIE
T€OMETPUYECKUM BOJHOBBIM (pOHTaM L = const, IpU 3TOM HaIlpaBlICHUE
MEPEMENICHUS B KAXKIOW TOYKE TPACKTOPUM COBMNALACT C HAIIPABJICHUEM
yCpEAHEHHOTO BEKTOpa Y MoBa-IloWHTHHTA.
Eciun pammyc-BekTop r(s) TOYKA P, pacrojoXEeHHOW Ha Jyue,

paccMaTpuBaTh Kak (GYyHKIMIO JUIMHBI § AYTH Jy4a, TO B COOTBETCTBHUH C

r
puc.2.1 oTHOLIEHNKE s =§, IIPU 3TOM YPABHEHHHU JIy4ya B COOTBETCTBHHU C
s

BbIpaxeHHueM (2.33) MOKHO MPEICTABUTH B BUJIE:

i gradL(r). (2.35)
ds

Puc.2.1. Paguyc-BeKkTop Npon3BOSIbHON TOYKN TpaekTopun ry4va

YMHOXUB ypaBHeHHE (2.35) CKaJIpHO HA OPT §, MOJTy4aeM

n= dr gradL(r).
s
Ho
dr gradL(r) oL y, x)dx + OL(x, y. x) dy + Mdz =dL(r).

T oy dz

ITpu sTOM

o dz_g)_ (2.36)
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Huddepenuupys Beipaxkenue (2.35) no s, moryyaem
i(nﬂj = igmdL = iﬂgraaVL = ddL_dn_ ﬂgma’n ,

ds\ " ds) ds dr ds dr ds dr dr
TO €CTh
d( dr
—| n— | = gradn. 2.37
ds[ ds) & (237)
B opnopomHol cpene n=const, npu O5ToM YypaBHeHue (2.37)
2
IPUHUMAET BUJI; % = (0. OueBHIHOE PEILICHUE ITOTO YPABHECHUS MOXKHO
s
IIPE/ICTaBUTH B BHUJIC:
r=sa+b,

rie a u b —nocTtosiHHBIE BEKTOpPHI. DTO pElIeHUE MpEeACTaBiIsSeT coOou
YpPaBHEHHE TMPSAMOW JIMHWUW, HANpPaBJICHHOW BIOJb BEKTOpa a H
nmpoxoJsmen yepe3 Touky r =b. CienoBarenbHO, B OJHOPOJHOU CpeEAe
CBETOBBIE JIyYH €CTh NPAMBIC JINHUU.

PaccmoTpuM  n1Ba  BOJIHOBBIX  (hpOHTA: L, =L =const 151
L, =L+dL =const, kak 1nokazaHo Ha puc.2.2. W3 BelpaxeHus (2.36)
CJIIEAYET, UTO MPUPALLIECHUE YMKOHAIIA dL(r) ONPENEIISIETCS MPOU3BEICHUEM
PacCTOSIHUS MEXAY BOJIHOBBIMHM (DPOHTAMM Ha MOKa3aTeNb MPEIOMIICHHUS

cpenbl. MuTerpan j nds BAOJb KPUBOU, ONPEAEIISIONIEN TPACKTOPHIO JTyya,

HA3bIBACTCS ONTUYECKOUN JJIMHOM 3TOU KPUBOU.

L = const

L+ dL = const

Puc.2.2. CmelLieHne BOMHOBOro (PpoHTa Ha paccTosiHue ds

[IpeacraBum cebe, 4yTO J1Ba (PUKCUPOBAHHBIX IMOJOKEHUS BOJHOBOTO
dpoHTa CBA3aHBl MEXJYy COOOM MHOXXECTBOM CBETOBBIX JIy4el,
MPOXOASAIIMX HAa CBOEM IMYTH ONTHUYECKUE CPEIbl, pPa3AcsolIue
paccMaTpuBaeMmbie  BOJHOBbIE  (poHTHL. OO003HAUas KBaJpaTHBIMHU
CKOOKaMM ONTHUYECKYIO JJIMHY TPOU3BOJILHOTO JIy4a, MPOXOJIAIIEro yepes
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COOTBETCTBYIOIIME TOUKW F u P, BOJHOBOro ()poHTa B IEPBOM M BO
BTOPOM IOJOKEHUSIX (CMOTpPH, Harpumep, puc.2.1), nomxyyaem:

B
[AR]= [nds =L(P,)- L(R). (2.38)
A
Tak kak 3HaueHUE dMKOHANAa L TPU KaKJIOM IOJIOKEHUU BOJIHOBOTO
(GbpoHTa MOCTOSAHHO, TO TMOCTOSIHHA M PAa3HOCTh JUKOHAIOB MpPU JABYX
(UKCUPOBAHHBIX IOJOKEHHUSAX BOJHOBOro (ponta. Ilpm »stoM U3

BbIpaxkeHus (2.38) cienyer, 4To
B

Jnds =const . (2.39)

A
. c
C apyroit cTOpoHBI, nds = ;ds =cdt, tne dt —BpemMsi IPOXOKICHUS

CBETOBOU BOJIHOM pacCTOSIHUSA dS BJOJIb Jiyya (BpeMsi pacipoCTpaHEHUS
NOJISI WJIM TIEPEHOCA CBETOBOM PHEPrMU HA PACCTOSHHUE dS BHIOJIb JIyya).
CrnenoBaTenbHO, BpeMsl paclpOCTPAHEHUS CBETOBOM BOJHBI OT TOYKU B

110 TOYKU P, paBHO

T Py
T = jdt =—jnds =const .
L R
OcHoBbIBasicb Ha ATOH (pU3MUECKON WHTEpIpEeTalul BbIPAKECHUS
(2.39), ero  Ha3pIBAlOT  3aKOHOM  TAayTOXpOHU3Ma  (3aKOHOM

OJIHOBPEMEHHOCTH), OJHAKO, (POPMYJIUPYIOT TaK: ONTHUYECKas JJIMHA
CBETOBBIX Jydeld MeXAy JBYyMsA (DUKCUPOBAHHBIMU IOJIOKEHUSIMU
BOJIHOBOTO (PpPOHTA MOCTOSIHHA.

2.3. 3aKoH npesIoMJIeHUA
YuuteiBast ToxaecTBO rotgrad =0, HAXOAUM, UTO B COOTBETCTBUH C

dr .
ypaBHeHHEM (2.35) BekTop ns = nd—, HAa3bIBAEMBIN JTYYEBBIM BEKTOPOM,

s
yIOBJIETBOPSET COOTHOIICHUIO:
rotns =0. (2.40)

PaccmoTpuM NpoOXokAeHUE Jlydya 4Yepe3 MOBEPXHOCTb paszena IABYX
cpel. 3aMEHMM IIOBEPXHOCTb paszesia cpel S TOHKUM IIEPEeXOIHBIM
CJIOEM, BHYTPU KOTOPOI'O BEJIMYMHBI € U [ OBICTPO, HO HENPEPHIBHO
MEHSIOTCA OT 3HAYEHUM, XapaKTEPU3YIOIIHUX Cpeay C OJHOM CTOPOHBI
IIOBEPXHOCTH, [0 3HA4YEHUU —C Jpyrod e€ cropoHbl. [loctpoum
IEMEHTAPHYIO MPSAMOYTOJIBHYIO IUIOIIANKY, CTOPOHBI KoTtopoh FQ, u
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P,Q, mnapamnensHsl, a cropoHsl BP, u (Q,0, NEpUEHIUKYISPHBI K
MMOBEPXHOCTH S , KaK OKa3aHO Ha puc.2.3.

it

S €154

Puc.2.3. K BbiBOAy 3akoHa npenomMmsieHna

[IycTp t — eqUHUYHBIM BEKTOP KaCaTEIbHOM K IOBEPXHOCTH, a N, —

C€IUHUYHBI BEKTOP HOpPMAaJd, HANpPAaBICHHbIM W3 MEPBOM CpeAbl BO
BTOpyto. Eciu o0o3HauuTh 4Yepe3 T EAMHMYHBIM BEKTOpP HOpMalM K
AJIEMEHTApPHOM MIIONIa/IKEe, TO, UHTETpupys BeipaxkeHue (2.40) mo mioniaau
3JIEMEHTA U UCTIONB3Ys TeopeMy CToKca, MOTydaeM:
J.(rotns)rd2=§ns-dr, (2.41)
) N
r7ie BTOpPOM HHTerpas OepEéTcs MO OrpaHUYMBAIOUIEMY 3JIEMEHTApHYIO
mwiomanky d2. xourypy BQ,Q,PF. Ecin mmina otpeskoB B O, =3I,

PO, =06l, u BP, = 0,0, = dh maia, TO Ha Ka)XJIOX U3 3TUX CTOPOH BEKTOP
NS MOXHO 3aMEHUThb IOCTOSIHHBIMU BEKTOPaMH 7,8, U n,S,. Toraa 3ToT
MHTETpaj MOKHO MPEICTaBUTh B BUJIE CyMMBIL:

[Ipu &h — 0 cnpaBennuBo paBeHcTBO Ol =0/, =06/. Ilpu sTom
BbIpaxkeHue (2.42) npuHUMaEeT BUA:

(s, -t, + 1,8, -t,)8 =0. (2.43)

B cooTBeTcTBUM C MPUHATHIM Ha pHC.2.3 HANpPaBICHUEM BEKTOPOB
UMEEM:

t,=—t=—1xN,; t, =t=TxN,.

[ToncTaBUB 3TU COOTHOIIEHUS B BbhIpaxeHue (2.43), monydaem:

(nzsz — 8, ) (T XNy, ) =T [le X ("252 — 8, )] =0,
Wi

N, % (1,8, —n;8,)=0. (2.44)

Otcroga crieayer, 4YTO TaHTEHIMAJIbHAS COCTAaBJISIIONIAS JIy4EBOTO
BEKTOpa /1§ HEMPEphIBHA MPU MEPEX0JIe Yepe3 MOBEPXHOCTh pasjielia IBYX
CpeJ WJIv, 4TO TO K€ caMoe, BEKTOp le = N,S, —n;S; MEPIEHANKYJSIPEH K
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STOU MOBEPXHOCTU B TOYKE NajeHusd JIyya, pu 5ToM N, = uN,,, rae p —

CKaJIAPHBIA MHOXXHUTEJIb, HA3IBAEMbBIM ACTUTMATHUYECKON MOCTOSIHHOW WJIN
MOCTOSTHHON OTKJIOHECHUS.

Puc.2.4. K BbiBOAy 3akOHa npenomMreHus

ITycte i; u i, — yriasl, 0Opa30BaHHbIC MAJAIOUIMM U MPETOMIEHHBIM

JTy4aMH C HOPMaJIbIO K TIOBEPXHOCTH pa3fielia BYX CpeJl B TOUKE MaJICHUs,
T.e. ¢ HopManbpl0 N,,, Kak NokasaHo Ha puc.2.4. Torna B COOTBETCTBUH C

BbIpaxkeHueMm (2.44) nmeeM:

n, (le X s2) =n (le X8 )» (2.45)
IIPH DTOM:
n, sini, = n, sini. (2.46)

HNTtak, B COOTBETCTBMM C BbIpakeHHuEM (2.45) nyd mnagarouuu,
HOpPMaJb K IIOBEPXHOCTH pas3feia Cpell B TOUKE MAJACHUA Jiydya U JIy4
MPEJIOMJIEHHBIN JIEXKAT B OJTHOM MJIOCKOCTHU. [Ipr 3TOM B COOTBETCTBUM C
BbIpaxkeHHueM (2.46) OTHOIIIEHHE CUHYCA yIJIa MaJIcHus Jiy4ya K CHHYCY yrJjia
NPEJIOMIIEHUSI PABHO OTHOIIEHUIO MOKAa3aTelIed MPEIOMIICHUSI CPEN N

n
DOTh JBa TOJIOKEHHS, BbIpakaembie (opmynamu (2.45) u (2.46),
ONPENEIIAIOT 3aKOH npenomiueHust CHennyca-/lekapra.

OO6paTuMcsi BHOBb K BbIpaxeHUIo (2.44) u mokaxeM MPUMEHEHUE €ro
JUISL TIOCTPOEHUS X0a MPETOMIIEHHOTO JIy4a. Y MHOXKHUB 3TO BBIPAKEHHUE Ha
HEKOTOPBI MAaCIITA0OHBII MHOXKHTENb M , MOTy4daeM

(Mn's' — Mns)xN =0. (2.47)

[lycthb Ha TPENOMIISIONIYI0 MOBEPXHOCTH MPOU3BOJIBHOWU (HOPMBI B
TOUKy () majaeT jJy4, HAIPaBICHUE KOTOPOIO OMPEACISIETCS OPTOM §, KaK
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noka3zaHo Ha puc.2.5. OTIoXHM OT TOYKM () B HaIpaBICHHH OpTa $
oTpe3ok (A,, paBHbld nM eaVHMI JMHEWMHOW MeEpbl (Hampumep,
100n mM). 13 Toukn 4, B HanpasieHun opra N mnpoeném iaunuto. Ha
ATOM JIMHUM ONPEIEIIUM MOJIOKEHUE TOUKU A, , YIaTE€HHOU OT TOYKH () Ha
paccrosiune QA, =n'M Tex e eAWHUIl JTHHEHHON Mepbl, Halmpumep,
nomompo  1upKyist. Yepes Touku @ u A, NpPOBENEM JIMHUIO,

HarnpaBJIeHHEe KOTOpOW ompeaearM opToM s . [TOCKOIbKY MOCTpOCHHS Ha
puc.2.5 BBHINOJIHEHBI B COOTBETCTBHM C Gopmyioi (2.47), opr '
ONPENEIISIET HAIIPABIICHUE X0/1a MPEIIOMIIEHHOTO JIyyYa.

Puc.2.5. lNpenomMmneHuve nyya Ha NOBEPXHOCTU pa3aena ABYX cpes,

C npyroii cTOpoHbI, U3 BeipaxkeHus (2.44) cienyer, 4To

n's'=ns+uN. (2.48)

Ota dopmya ABISIETCS OCHOBHOM B METOZE pacuéra Xoja Jiyda yepes
cucteMy cdepudyeckux, a Takke HecPepuyecKnuX IOBEPXHOCTEM,
npemsioxxeHHoMm MBanom BacunbseBuueMm Jlebeaesbim B 1938 rony (skypHan
"OnTuko-MexaHuueckass MpoMbIIUIEHHOCTR", 1938, No7). VYmHoxuUB
CKAJISIpHO 00€ yacTu BbipaxkeHus (2.48) Ha Bexktop N, mosmydaem

uw=n'cosi’'—ncosi. (2.49)

Ucnonb3ys 3akoH mnpenomsieHus B dopme (2.46), Beipaxkenue (2.49)
JIETKO MPeo0pa3oBaTh K BUAY:

2
u:\/n'z—nz—lr(nN-s) —nN-s. (2.50)
Jlns jryda, OTpaKEHHOTO IOBEPXHOCTBIO, UMEeM: n'=n, a i’ =m—1I.
[Ipu sTOM

nw=-2ncosi=—-2nN-s.
[TomcTaBuB 3TO COOTHOIIEHHE B BhIpakenue (2.48), mpu n'=n
noJiy4aem
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s'=s—2N(Ns). (2.51)

®opmyna (2.51) sBisgeTcss OAHOM W3 OCHOBHBIX, IPUMEHSIEMBIX TPHU
PCIICHHUN 3ada4 HOCTHPOBKH 3CPKAJIBHBIX W 3CPKAJIBHO-IIPU3MCHHBIX
CUCTCM.

Beipazum opthl 8§, N u s’ yepe3 ux MPOEKIMM HAa OCH JCKAPTOBBIX

KOOP/IMHAT:

s=s,d+s,j+s5.k,

N=Ni+N,j+ Nk,

s'=si+s jrsk.

[MoncraBuB 3TH BhipaxkeHus B dopmyiy (2.51), npeobpasyem e€ K
BUILY:

=m'ls, |, (2.52)

rjie MaTpuia m' MMeeT BUJIL:
1-2N;  -2N,N, -2N,N,

m'=|-2N.N, 1-2N; -2N/N_|. (2.53)

~-2N,N, -2N,N. 1-2N:

2.4. llpunnun @epma
ITpuHinn depma, U3BECTHBIM TENEPh KaK NPUHILIMIT HAUKpaTYaUILIEero

ONTUYECKOI0 IyTH, YTBEPHKAACT, YTO ONTHYECKas JJIMHA PEaIbHOro Jiyya

MEXy JIOOBIMHM JABYMsSI ONTHYECKH HECONPSKEHHBIMU TOUKaMu B u P,
9]

paBHas I nds, KOpoYe ONTHUYECKOW JJIMHBI JI0O0W ApYyroil KpUBOW,
A

COCOUHAIONIEN OTH TOYKH U JIeXKAlleW B HEKOTOPOM pETYJIApPHOU

OKpecTHOCTH Jiyya. [loa peryisipHOil OKpECTHOCTbIO IOHUMAETCSI 00J1aCTh,

KOTOPYIO MOKHO 3aMEHHUTH JIydYaMu TaKUM 00pa3oM, UTO 4epe3 KaKIyIo e€

TOYKYy OyJeT NpOXOJAuUTh OJWH (M TONBKO oOJuH) Jyd. llokaxkem

CIIPaBEIMBOCTh IpuHIMNA PepMma B Ciydae NPOXOKICHUSA CBETA 4Yepes

OHy  TPETOMIIAIONIYI0O  TOBEPXHOCTh  IMPOU3BOJBHOW  (OPMBI,

pa3AeAOIYI0 ABE OJHOPOJHBIE CPEABI C MTOKA3aTEIsAMU MPEJIIOMIIEHUS 71

un'.
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Punc.2.6. MpunHumnn ®epma 1 3akoH NpenioMneHns
Oo6parumcs k puc.2.6, Ha KOTOPOM MOKa3aH MyTh JIy4a, TPOXOISILIETO
4yepe3 ONTUYECKU HECOIPSDKEHHBIE TOUKU B ¥ P, ¥ Majarolero B TOUKY
N, mpenomIIoImend NOBEPXHOCTH S, KOTOPBIA 00pa3yeT ¢ HOpMalblO K

MOBEPXHOCTH B TOYKE NaJCHUS Jiyda yriael [ W i . BbiOepeM Ha
IPEJOMIIAIONIEH TOBEPXHOCTH TOUKY N,, OECKOHEUHO OIM3Kyl0 K V.

ITpu sToM oTpe3ok kpuBoi N,N, OyneM cUMTaTh BEIMYUHON MEPBOIO

nopsfKa MalOoCTH, YTO HO3BOJIAET 3aMEHHUTh €ro IuddQepeHnuanom:
NN, =dS. CoenunuB Touky N, ¢ Toukamu F u P,, NOIy4YuM IIyTh

BN,P,, cocequuii ¢ myréM BN, P, nmyda. Ontudeckas JUiMHA XOAa Jyda
PN, P, Moxet ObITh nIpesicTaBieHa B Buze: |[BP,|=ns+n's', rue s = PN,,
a s'=N,P,. IIpu nepexome or Tpaekropuu iyda AN,P, K cocemHen
TpaekTopuu AN, P, ontuyeckas JUIMHA XO0Ja Jy4da IOJIy4YUT IPUPALLCHUE,
paBHoOE:

d|BP, )= nds+n'ds'. (2.54)

YroObl ONMpeneNnTh BEIUYMHY ATOrO IMPHUPALIEHUS, BOCCTAHOBUM B
Touke N, nepnenauxyusap N M x nydy BN,. N3-3a manoctu yria
N,AN, wmoxuo npuHsare BM ~ PFN,. Iloostomy orpe3ok MN, MOXHO
paccmaTpuBaTh Kak IpupanieHue ds orpeska BN, =s mnpu 3aMeHe MyTH
nyda FN, nyrém FN,. llpeneOperas BelIWYMHAMH BBIIIE MEPBOIO
HOpsiIKa MaJIOCTH, U3 TpeyroibHuka MN,N, HaxoauM, 4yTo ds =—dSsini
[Ipu otoM mnpupamenue otpeska NP, =5 paBHo ds'=dSsini’.
ITosrydeHHBIE BBIpaKE€HUS IMO3BOJISIIOT PaBEHCTBO (2.54) mpeacTaBUTh B
BU/JIE:

d[BPy]=(n'sini’ — nsini)ds. (2.55)

Orcrona nonydaem
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M:n'sini’—nsini.

ds

ITpu coOMIOICHNH 3aKOHA MTPETIOMJICHUS HMECM:

diRR]_ (2.56)
ds

T.e. TIpU COOJIIOJICHUM 3aKOHA MPEJIOMJICHUS JIMHA ONTUYECKOro MYyTH
[Ple] UMEET DJKCTPEMAJbHOE 3HAYEHHE, 4YTO CBHJETEILCTBYET O
crpaBeyIuBOCTH NpuHLuna Pepma. C Apyroil CTOPOHBI, MOKHO CUUTATh,
9T0 Tpu coOrogeHur npuHimma @depma paBeHCTBO n'sini’ =nsini
onpeeNseT 3aKOH MPETOMIICHHUS.

Ecnm xaxaoMy 4ucily X W3 YHMCEsl HEKOTOPOro Kjacca COMOCTaBIIEHO
JIPyTOe YHCIO ), TO, KAK H3BECTHO, MBI IMeEM €10 ¢ hyHKmueit y = y(x).
Ecomu xaxmoit QyHKIUU y(x) U3 HEKOTOpOro Kkiacca (QyHKIUH
COIIOCTAaBJIEHO HEKOTOPOE YHCIIO F', TO TOBOPAT, YTO 3a7aH (yHKIHMOHAI
F [y(x)] Bapuanuio QyHkumnonana o0003HA4alOT CHUMBOJIOM OF [y(x)]
Bapuanusa gynkuuonana siBasiercst aHajioroM auddepeHnnana GyHKIUH.
Jns noctuxenus (yHKIUMOHATIOM [ [y(x)] AKCTPEMAJIBHOTO 3HAYECHUS
HE00X0AMMO, 4TOOBI Bapuauus (€civ OHa CYHIECTBYET) NMPH HEKOTOPOM
dynknun ¥ = 7(x) obpamanack B HONb. YUHTHIBAS H3T0KEHHOE, TIPHHIIHTI

q)epMa B 0003HAYECHMAX alIiapara BapHallMOHHOTO HMCYHNCICHHUA MOZKHO
3armcaTb B BUAC:

5 [nds=0. (2.57)

c
ITockoibky n:?, rie c=const, BbIpaxeHue (2.57) MOXHO

NpeACTaBUTb DKBUBAJICHTHBIM BBIPAXKCHHUCM BHUIA:

B
8 ég=0, (2.58)
AV
h
re 8 [di=0.

T
C npyroit cTopoHsl, k = nk,, T.€. Ay = nA, 4TO MTO3BOJIAET BBIPAXKECHHE
(2.57) npencraBUTh B BUJIE:
B ds

§[—=0. 2.59
x (2.59)

A

86



[Ipunuun @epma coaepKUT B cede M 0000HIaeT CIeayrouue
IIOJIOKEHUS JTy4E€BOM ONTUKMU:

1. 3akOH mpenoMIICHUSI paCIIPOCTPAHEHUS CBETA B OJHOPOAHOM CpeJe,
T.€. B Cpe/i€ C MOCTOSHHBIM MOKa3aTeleM MpPeIoMIICHUSI.

2. 3aKkoHBI TIPEJIOMJICHUS W OTPAXKEHHUS JIydeld Ha TOBEPXHOCTIX
paszena cpei, T.e. Ha TeX MOBEPXHOCTSX, IJe MOKa3aTeslb MPeIOMICHUS
MEHSETCS] CKAYKOM.

3. Tlo3BonsieT paccuuTaTh IyTh CBETa B Cpele C IoKa3zaTeiem
PETOMIICHHUS, HEMPEPHIBHO M3MEHSIOMUMCS BAOIb MYTH, JUISI KOTOPOTO
CIIpaBeJIuBO ypaBHeHue (2.57).

4. VYcraHaBIuMBaeT 3aKOH OOpaTMUMOCTH CBETOBOrO IyTH, B
COOTBETCTBUU C KOTOPBIM JIMHUSA, MPEICTaBisAIoOUIas cOO0OW BO3MOXKHBIN
NyTh TEUYEHHUsS] CBETOBOM DJHEPruH, PaCHpOCTPAHSIONICHCS B OJHOM
HaIpaBJEHUHU, €CTh TaKXKE BO3MOXHBIA MyTh €€ TEUYEHHS B OOpaTHOM
HaIpaBIICHUH.

JleficTBUTEIRHO, €ClId Bapualiis uHTerpaina (2.57) paBHa HyJII0, Korja
oH Oepércs B mpenenax or A 1o P, To oHa Takke paBHa HYJIO MpU

IIEpEMEHE IIPENIETIOB HHTEIPUPOBAaHUS MeCTaMH (T.€. B mpenenax ot P, 1o
R).
Crnenyer TOMHHUTb, YTO BCE€ MPUBEACHHBIE BBIINIE TOJIOXKECHUS

MPUMEHUMBI TOJIBKO B MpEJeiaX Te€X YCJIOBUH, B KOTOPBIX CIPABEJIUBbI
3aKOHBI TEOMETPUYECKOM (JTy4eBOM) ONTUKH.

2.5. Murerpanbubiii uHBapuaHT Jlarpanska-Ilyankape

[Ipennonioxkum, 4YTO TMOKA3aTelnb IMPEJIOMIIEHUS H  SBISAETCS
HemnpepbIBHOW PyHKIMEN koopauHat. Toraa, npuMmenus TeopeMmy CToKca K
UHTETpally OT HOPMAJIbHOIO KOMIIOHEHTa rofns, B3ATOMY MO JHOOOM

OTKpBITOﬁ IMOBEPXHOCTH, ITOJIYyIACM:
fns-dr=0. (2.60)
C

WuTerpupoBanre BBIMONHSETCS 1O 3aMKHyTOMYy KOHTYpy C,
OTrPAaHUYMBAIOIIEMY YKA3aHHYIO MOBEPXHOCTh. [lomydeHHOE BbIpa)keHUe
HA3bIBAETCS MHTErpajbHbIM HWHBapuantoM Jlarpamxa-Ilyankape wu
B

O3HAYaeT, 4YTO MHTerpall j ns-dr, B3ATBII MEXIy JIIOOBIMH JBYMS
A

TOYKaMu NoJst A u P,, He 3aBUCUT OT IIyTU UHTETPUPOBAHUS.

MoxxHo moka3aTh, yTo (popmyna (2.60) ocTaércsi cupaBeIMBOM U B
TOM ciyd4ae, korja KoHTyp C nepecekaeT MOBEPXHOCTb, Pa3AeisIOLIyIo
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JIB€ OJTHOPOJIHBIE CPENIbl C Pa3HbIMHU TOKa3aTelssMHu TpenomiieHust. s
JI0Ka3aTeIbCTBA 3TOr0 OyAeM cuMTaTh, 4TO KOHTYp C JEIUTCS Ha 4acTH
C; u C,, pacnoJIO)KEHHbIMHU [0 pa3Hble CTOPOHBI OT MPEIOMISIOLIEH

MIOBEPXHOCTU S, a TOUKHU MepeceyeHusi KoHtypa C C MOBEPXHOCThIO S
COCOUHEHBI NPYyrol KpuBOM K, Jexalend Ha 3TOM HOBEPXHOCTH, KaK
MOKa3aHo Ha puc.2.7.

Puc.2.7. K BbiBOAY vHBapuaHTa JlarpaHxa-llyaHkape npy Hann4inm noBepxHOCTH
pasgena oByx O4HOPOAHbLIX cpef,

ITpumensas ¢popmyny (2.60) k odboum koHtypam C\K m C,K n
CKJIaJIbIBAsI TIOJTYYEHHBIC BBIPAKECHUS, UMEEM:

[ns,-dr+ [nys,-dr+ [(ns, —ns )dr =0. (2.61)

G Cy K

HNuterpan Baoib KpuBo K paBeH HYJIO, MOCKOIBKY, KakK OBLIO
MOKA3aHO MPH BBIBOJIC 3aKOHA MPEIOMIICHHS, BEKTOP le =n,8, — 1,8y,

MEePICHIUKYJISIPEH K TOBEPXHOCTH S B Jt000M Touke kpuBou K . Ilpum
3TOM BbIpakeHue (2.61) coautcss Kk BbIpaxkenuto (2.60), 4dro wu
TpeOOBAJIOCH JJOKA3aTh.

2.6. Konrpy>nuuu jy4ei

YpaBHEHHE TMPOU3BOJBHOM MPAMOM B  IIPOCTPAHCTBE MOXKHO
ONPENIEIIUTh YPABHEHUEM BH/JIA:

X=a,,+a,z, y=0a, +a,Zz. (2.62)

3agaBasi HE3aBUCUMBIM JAPYTr OT Jpyra BeJIU4YuMHaM Ko3()QPUIIMEHTOB
a,,,K , a,, BCeBO3MOKHbIE 3HAUYEHUS, TIOJyUYUM YPAaBHEHHUS BCEX MPSAMBIX,
3aMOJIHSIONIUX MPOCTPAaHCTBO. CBsA3bIBas BENUYUHBI KO3 (PUIIMEHTOB
OIHOW  3aBHCUMOCTHU Fl(a“, Ai, Ay, azz): 0, mnoisyyaeM KOMIIIEKC

npsMbIX. BrioaHe o4eBHUIHO, YTO B OOIIEM Cilyyae uepe3 KakKIyl TOUKY
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IPOCTPAHCTBA MPOXOJAUT KOHYC Jy4Y€d C BEPIIMHOM B OTOM TOYKE.
JloGaBnsis emé olHy 3aBUCUMOCTh F, (a11> Air, Ay, azz): 0, MBI BBIIETSIEM

U3 KOMIUIEKCa KOHIpYysHIMIO (OT JaT. congruens (congruentis) —
COpa3MEpPHbIN, COOTBETCTBYIOIINI, COBIAIAFOIIUMN) TIPSMBbIX.
[IycTp uepe3 Kakayl0 TOYKY HEKOTOPOH MOBEPXHOCTH zZ = f (x, y)

IPOXOOUT TMpsMas, ompeaensieMas KOdQOUIHUEHTAMU  d, , Ayy, Ay, Aoy s
KOTOPBIE SIBJISIFOTCS (PYHKLIUSAMU OT X U )

a = all(x’ y),
dpp = alz(x9 y),
dy = azl(xs y),

ayy =dy (x, J’)-
B pesynpraTe mnosiydaeM KOHTPYIHIMIO MPSMBIX, TaK Kak W3
HAIMCAHHBIX YETHIPEX PABEHCTB MOKHO HCKIIOYUThL X U ) W TOIYYUTh

7iBa YpPaBHEHMsI, CBS3BIBAOIIMX BEJWYMHBI «,K , a,,. KoHrpysnmueiu

MPSIMBIX, HAIIPUMED, SBJISIETCS COBOKYITHOCTh HUCXOJMSIIUX W3 CBETAIIEHCS
TOYKU JIy4eM IMOciie BBIXOJA M3 ONTHYECKOW CHUCTEMbI MPHU YCJIOBUH, UYTO
MOCJIEAHSS CpeJia OJTHOPOJIHA.

Cootnomenue (2.40), a, umenHo, rotns=0, omnpeaeIsieT Bce
CUCTEMBI JIyueid, KOTOpPbI€ MOT'YT CYIIIECTBOBAaTh B HEOJIHOPOJAHOU cpefie, U
BBIJIEIISICT UX U3 Oosiee oOIMX ceMeHCTB KpUBBbIX. B ogHOpOsHON cpeje,
T.€. IPU 1 = const , 3TO COOTHOIIIEHNE MPUHUMAET BU/I;

rots=0. (2.63)
JleByto yacTth cooTHomeHus (2.40) MOXKHO 3aMEHUTDH TOXKJIECTBOM
rotns = nrots + (gradn)xs. (2.64)

YMHOXHUB TIpU 3TOM COOTHolIeHHe (2.64) CkalasipHO Ha BEKTOp S,
noJiy4aeM, 4TO CHCTeMa Jyuyel B JII000# cpeie AOKHA YAOBIETBOPSATH
COOTHOUIEHHUIO:

s-rots =0. (2.65)

CucreMa KpUBBIX, 3aIlOJHSAIOIIMX HEKOTOPYKO YacTh IPOCTPAHCTBA
TaK, 4TO Yepe3 KKy TOUKY 3TOM YaCTH MIPOCTPAHCTBA B OOLIEM cllydae
IIPOXOJAWUT OJHA KPHUBAas, HA3bIBACTCA KOHIpysHHuMeu. Ecimm cymecTtByer
CEMENCTBO MOBEPXHOCTEM, NEPECEKAOIINX KAXKIAYI0 KPUBYIO IO IIPSMbIM
YIJIOM, TO PAacCMAaTPUBAEMYIO CHUCTEMY KPUBBIX HA3bIBAOT HOPMAaJIbHOU
KOHTPY2HIMEN. Eciu Takoro cemencTBa noBEpXHOCTEN HET, TO TOBOPAT O
KOCOW KOHTpYy?HIIMU. B 0OBIYHON (CBETOBOIM) T€OMETPUYECKOW OMNTHUKE
pacCMaTpUBAIOT TOJIBKO HOpPMalbHbIE KOHIpy3HUMH Jydeil. Koceie
KOHIPYSHIIMU UTPAOT BAXXHYIO POJIb B DJIEKTPOHHOU ONTHKE.
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Ecnu Bce my4u, COCTaBIISIIONIME KOHTPYIHIUIO, UMEIOT BUJ MPSMBbIX,
TO Takas KOHTPYSHIIMS Ha3bIBACTCA MPSMOJUHEHMHON KOHTPYSHIIMEH
ayueit. @opmynsl (2.63) u (2.65) omnpenensOT HEOOXOAUMBIE U
JOCTaTOYHBIE YCTIOBUS, COOJIIOJICHHE KOTOPBHIX CBHUJAETEIBCTBYET O TOM,
YTO KOHTPYAHUHUSI Jy4ell SBJISETCS COOTBETCTBEHHO HOPMAJIbHOW U
HOPMAaJIbHOM MPSIMOYTOJIbHOM.

2.7. Teopema Masoca

Ecniu Bce nyun B OAHOPOAHOW Cpele HMEIOT OOIIyI TOUKY,
HallpuMep, HUCXOAAT W3 TOYEHYHOIO0 HCTOYHHMKA, TO TOBOPAT, UTO JIy4H
o0pa3yl0oT TOMOIIEHTPUYECKHMUA  My4oK. Takod Mmy4ok oOpasyer
HOPMAJIBHYIO KOHTPYPHUMIO, IMOCKOJBKY KaXXIbIH Jyd ITy4Ka NEpEeceKaeT
Mol MPSMBIM yTJIOM C(EepUUYECKUEe MOBEPXHOCTH (BOJTHOBBIE (DPOHTHI),
HEHTP KOTOPBIX PACIIOIIONKEH B TOUKE MEPECCUCHUS JTyUEH.

B 1808 rony dpaniysckuit puszuk ItheH Jlyn Mamtoc (1775-1812)
II0Ka3aJI, YTO €CIA TOMOLIEHTPUYECKUU IIy4YOK MPSAMOJUHENHBIX Jyden
OpeJIOMIISIETCd WM OTPAXKAETCSl  KaKOH-TMOO  MOBEPXHOCTBIO,  TO
NOJIyYaroLUKCA TOC/e 3TOro My4YoK Jiydeil (B oO0mieM ciaydae yx e He
TOMOILICHTPUYECKUI) TOXE 00pa3yeT HOpMalIbHYI0 KOHTpy3HIMI0. [lo3nHee
Hiommuna (1816 1.), KBerene (1825 r.) m XKeproun (1825 r.) 0600mmmm
pesynbTaT Mamtoca. PaboThl 3TUX Y4Y€HBIX MO3BOJMIA CPOPMYIUPOBATH
CIIEYIOIIYI0 TEOpeMy, Ha3bIBaeMylo Teopemoil Maitoca: HOpMaibHas
NPSIMOJIMHEHAS KOHTPYSHILHUS OCTAa€TCs HOPMaJbHOW MoOcie JIIo0oro
YuCila MPEJIOMIIEHUNA U OTPAKEHUM.

PaccMOTpuM HOpMabHYIO HMPSMOJIMHENHYI0 KOHTPYSHIMIO JIydeil B
OJHOPOJHOM cpelae ¢ I[OKazaTeaeM MpeIoOMIIEHUs #;, KOTOpbIE

IPEJOMIIIOTCSL HAa MOBEPXHOCTh S, OTAEIAIOWIEH 3Ty Cpelay OT Apyrou
OJTHOPOJHOM Cpe/bl C IMOKa3aTesieM IPEeIOMIIEHUS 7,, KaK MOKa3aHO Ha

puc.2.8.
ITycte L, —oaMH M3 BOJHOBBIX (DPOHTOB B IepBoil cpexe, 4, u P —

TOYKM IIEPECEYEHUsT IPOMU3BOJIIBHOIO Jiydya B IIEpBOM Cpele ¢
IOBEPXHOCTAMU L; 1 S COOTBETCTBEHHO, @ A4, — TOYKa Ha MPEIOMIEHHOM

ayue. Ecnu Touky A; cMECTUTh B APYrylo TOUKY B; Ha TOM K€ BOJHOBOM

dbpoHTEe, TO TOuka P Ha MOBEPXHOCTU MPEIIOMJICHUS! CMECTUTCS B TOUKY
Q. Teneppb Ha NPeNOMIEHHOM B TOUke () Jiydye BbIOEpPEM TAKYyIO TOUKY B,,

4TOOBI ONITUYECKUH ITyTh OT B; 10 B, paBHAJICS ONTHYECKOMY IIyTH OT 4,
10 A,, T.e. 4ToObI COOIIOAATIOCH PABEHCTBO:

[4,P4,]=(B,0B,]. (2.66)
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L, i 0 S \\\
Puc.2.8. K nokasatenbcTtBy Teopembl Mantoca

Ecnu nepememars TOYKy B; IO BCEW NMOBEPXHOCTU L, TO TOUKa B,
IIpU CBOEM IEPEMEILUECHUM 3aIlOJIHUT IOBEPXHOCTH L,. IlokaxkeM, 4TO
IIPEJIOMIIEHHBIN JIyd (OB, NEpIEeHIUKYIIIPEH K 3TON ITOBEPXHOCTH.

Boruncnsasa wuHTerpaneHbii  mHBapuaHT Jlarpawxka-Ilyankape 1o
3aMKHyTOMY IyT! A, PA,B,0B, 4,, noimy4aem:

: nds + j ns-dr + _[ nds + Ins-drzo (2.67)

A P4y 4yB, B,0B B4
Ha OCHOBaHMWU paBeHCTBA (2.66) nMeem
[ nds + Inds=0.

41P4) By0By
Kpome Toro, nockoiabKy Ha BOJTHOBOM (PpPOHTE L, €IMHUYHBINA BEKTOP

$ B KaXJIOM TOYKE NMEPHEHIUKYISPEH K HEMY, UHTErpall Ins-dr =0.B
B4
pe3yJibTaTe BbipaxkeHue (2.67) npuHUMaeT BU:
[ns-dr=0. (2.68)

4By

[TomyyeHHOE COOTHOIIEHUE JIOJIKHO BBIMOJHATHCS HA IMOBEPXHOCTHU
L, st mo0oro orpe3ka KpuBOil. DTO BO3MOXKHO TOJIBKO B TOM Cllydae,
eciu s-dr =0 a1 KaXI0ro JUHEHMHOIo 3JeMEeHTa dr IOBEPXHOCTH L,,

T.€. €CIIM MPEIIOMJIEHHBIE JIYYH TEPIEHINKYJISIPHbI K HEH WIH, TPYTHMH
CIIOBaMH, €CITM  MPEJIOMJIEHHBIE JIydd  OOpa3yloT  HOPMAJIbHYIO
KOHTPYJHIIHIO, 4TO M TPeOOBAJIOCH I0KA3aTh.

[Tockonpky Touka B, Ha BoJHOBOM (poHTe L; BbIOpaHa

IIPOU3BOJILHO, TO PaBEHCTBO [AIPAZ]z[BIQBz] IIO3BOJISIET YTBEPKIATh,
4TO ONTHYECKas JUIMHA IIyTH MEXIy JIOOBIMH JBYMs BOJIHOBBIMU
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dbpoHTaMM OJIMHAKOBA JJIS BCeX Jydei. BrojHe 0O4YeBHAHO, YTO ATOT
pe3yibTaT OCTA€TCA CHPABEMJIMBBIM JUISL CIydas IOCJIEI0BATEIbHBIX
npeaoMiieHu! (MU OTPa)KeHHiI) Ha HECKOJbKUX IMOBEPXHOCTAX, a TaK XKe,
KaK 3TO HEMOCPEICTBEHHO CleAyeT u3 BbIpaxkeHus (2.38), B ciyyae
pacrpoCTpaHEHHs] JIyded B CpEAE€ C HENPEPhIBHO H3MEHSIOIIUMCS
MOKa3aTeJIieM MPEJIOMJICHHUsS. JTa TEOpeMa, [O0KAa3aHHAs C IOMOUIBIO
VHTErPAIIbHOTO MHBApUAHTA Jlarpanxa-Ilyankape, HAa3bIBACTCS
MPUHIIUIIOM PaBHOT'O ONTHYECKOro MmyTH. M3 3TON TeopeMsbl clieayeT, 4To
T€OMETPUYECKUE BOJHOBBIC (DPOHTHI HOPMAIBLHOM KOHTPYIHIUU JTydei
WM COBOKYIMHOCTHM HOPMAJIbHBIX KOHTPYdSHIIMM, OOpa30OBaHHBIX B
pe3yJibTaTe  MOCJEIOBATENIbHBIX  MPEIOMIICHUH (M OTpa)KEHUi),
"ONTHUYECKU MTapaAJUICIbHBI" IPYT APYTY.

C mocnenHeld TEOPEMOM HEBOJBHO aCCOUMHMPYETCS THIMOTETHYECKAS
Teopema, BrepBbie BblIBUHYTas B 1690 roay X.I'rolreHcom, COrjacHO
KOTOPOM KaXAyH TOYKY BOJIHOBOIO (h)pOHTAa MOXKHO CUHUTATh IIEHTPOM
BTOPUYHOI'O CBETOBOTO BO3MYUIEHHUS, MOPOXKAAIOUIETO 3JIEMEHTapHbIC
chepuueckue BOJHBI, MPU HTOM BOJHOBBIM (POHTOM B JIHOOOM
MOCJEAYIOIUA MOMEHT BPEMEHM CIIYXKUT Oruoaroiasi 3TUX BTOPUYHBIX
chepudeckux BoiH. [IpuHnun ['roiireHca MOXKET CIIY>KUTh MPaBUIOM ISt
MOCTPOEHUS MMOBEPXHOCTEH, "ONTUUECKU MAPATIIEABHBIX " IPYT IPYTY.

JlonosiHUB nocTtpoeHne [tolireHca yTBEPKIECHHEM, YTO BTOPUYHBIE
BOJIHBI HHTEephepupyroT Mexay coboi, O.Dpenens B 1818 romy Brneprwie
CMOT' OOBSICHUTH sIBIeHUE AUPPaAKIUU. IOTO COUYETAHUE MOCTPOCHUS
['toiireHca ¢ TPUHOUIOM UHTEP(EPEHIIMU HaA3bIBACTCA IMPUHIIMIIOM
['toiirenca-Openens.  [lozgnee (B 1882r1.) I'.Kupxrod mpugan
uccienoBanusiM @DpeHenss CTpOro mareMaTHYeCcKOoe€ OOOCHOBaHHUE, U C
ATOTO0 BPEMEHU HAYAJIOCh IIMPOKOE M3ydeHue audpaxiuuu. Tem He MEHee,
B OOJIBIIMHCTBE MPAKTUYECKH BaXKHBIX CIIy4acB H3-32 MaTeMaTHYECKUX
TPYAHOCTEH MPUXOIUTCA MpUOEraTh K MPUOTMKEHHBIM METOJAaM U TYT
npuHuun  ['rolireHca-OpeHens  CIyXKUT  MOIIHBIM  HHCTPYMEHTOM,
MO3BOJISIIOIIMM ~ peliaTh OOJIBIIMHCTBO BOIPOCOB, BCTPEYAIOIIUXCS B
IIPUKIIAHON OITHUKE.
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